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Abstract

We present a protocol for rotation measurement via matter-wave Sagnac interferometry using trapped
ions. The ion trap based interferometer encloses a large area in a compact apparatus through repeated
round-trips in a Sagnac geometry. We show how a uniform magnetic ﬁeld can be used to close the
interferometer over a large dynamic range in rotation speed and measurement bandwidth without
contrast loss. Since this technique does not require the ions to be conﬁned in the Lamb–Dicke regime,
Doppler laser cooling should be sufﬁcient to reach a sensitivity of  = 1.4 ´ 10-6 rad s-1 Hz-1 / 2 .
Keywords: atom interferometry, Sagnac, quantum metrology, gyroscope, trapped ion
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1. Introduction

=

The Sagnac effect can be used to measure the rotational
velocity Ω of a reference frame by observing the phase shift
of an interferometer in that frame whose paths enclose an area
A perpendicular to any component of Ω (see, e.g. [1] for a
review). The rotation-induced phase shift is given by
2E
F = 2p 2 A · W ,
hc

Df

=

1
¶F
¶W

¶F
2E
= 2pA 2
¶W
hc

N˙

,

(3 )

(4 )

and we have assumed an orientation such that A · W = AW
for algebraic simplicity.
The two methods frequently employed to improve the
sensitivity of interferometric gyroscopes are increasing A and
increasing E. For photons, optical ﬁbers (or ring laser cavities)
allow many effective round-trips through the Sagnac interferometer, thereby giving the device an effective area that is the
physical area multiplied by 2 times the number of round trips
(M). The other approach is to use atoms on ballistic trajectories
instead of photons, which increases E by a factor of
mc 2 woptical » 1011. Some of the drawbacks of this, as compared to aty 7n optical gyroscope, are that Ṅ is smaller, and the
free-ﬂight atom trajectories enclose the interferometer area A
only once. The latter constraint has meant that increasing A has
necessarily involved increasing the physical size of the apparatus, which can be undesirable for some applications. Furthermore, long atom trajectories and large separations make the
measurement susceptible to systematics that can produce pathdependent phase shifts, such as magnetic ﬁeld gradients.
Here, we show that trapped atomic ions provide a way to
use both methods simultaneously to increase the interferometer

(1 )

(2 )

For photons, E = woptical , whereas for atoms of rest mass m
moving at non-relativistic speeds ( p  mc ), E = mc 2 .
The sensitivity of a gyroscope is deﬁned as the minimum
detectable rotation rate within a detection bandwidth Df . For
a shot-noise-limited interferometer that detects the outcome of
individual interference events at a rate Ṅ , the uncertainty in
the measured phase after running for a time t = 1 Df will be
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where the scale factor is given by

where A is the vector area enclosed by the two paths. E is the
total energy of the particles that are interfering, deﬁned using
the relativistic energy–momentum relation
E 2 = (mc2)2 + p2 c2.

Df Ṅ . The sensitivity is given by

1
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Figure 2. Trajectory of an ion in x phase space in the interaction

picture with respect to the harmonic oscillation. The ion’s starting
coordinates are indicated by a circle, and red and blue curves
represent the trajectory for the two spin states. A freely evolving
coherent state in this ‘rotating frame’ (rotating in phase space, as
opposed to real space) appears stationary; the trajectories shown are
induced by the displacement operators. For small rotations (q  1),
the area enclosed in this phase space is the Sagnac phase (19) for an
ion that starts at position y=0.

and ∣  ñ. As shown in ﬁgure 1, the enclosed area is in the x, y
plane, and the (secular) trap frequencies for the ion in these
two directions after the y displacement (see below) are
degenerate: wx = wy º w . (x, y, z ) denote coordinates in real
space, while (X , Y , Z ) refer to axes of the qubit’s associated
Bloch sphere. The conﬁnement in the z-direction is strong
(wz  w ) so that the system can be approximated as being
2D. The time-sequence of the trapped ion gyroscope proceeds
in the following steps (see also ﬁgures 1 and 2):

Figure 1. Trajectories of an ion during interferometer operation in

(a) position space, (b) momentum space (c) x phase space and (d) y
phase space. The ion’s starting coordinates are indicated by a circle, and
the trap center after the y-displacement in step (iii) is indicated by an ×.
Red and blue curves represent the trajectory for the two spin states.
Trajectories for different starting conditions are qualitatively similar to
these, with the exception that for an ion cooled to the ground state of
motion, the trajectories for the two spin states completely overlap.

sensitivity. While interferometers with enclosed area have been
demonstrated with clouds of trapped neutral atoms [2, 3],
maintaining the coherence across the ensemble needed for a
gyroscope has proved difﬁcult, and alternative ideas have been
proposed [4, 5]. We describe a combination of laser-driven spindependent momentum kicks in one direction with ion trap
voltage changes along an orthogonal direction that perform
interferometry with trapped ions in a Sagnac (as opposed to
Mach–Zehnder) conﬁguration. Much like an optical gyroscope,
this allows atomic trajectories to repeatedly enclose the same
physical area, thereby accumulating Sagnac phase continuously
for a time that is not limited by a ballistic ﬂight trajectory. Since
the enclosed area is proportional to the displacement along both
directions and only one of these needs to be state-dependent, the
interferometer area can be increased with trap voltage alone,
circumventing the need to drive more coherent momentum
transfer from the laser. The harmonic trapping potential makes
the area enclosed independent of the initial ion velocity, eliminating a source of scale factor instability found in free space
atom interferometers. These factors, coupled with the extremely
long coherence times of trapped ions, give the trapped ion
interferometer the potential to enclose a large effective area in a
small apparatus with high stability.

(i) Prepare the ion in ∣  ñ and apply a p 2 pulse of
ˆ
microwaves about -Y.
(ii) Apply Nk spin-dependent kicks (SDKs) in the xdirection (Dp = -Nk  Dksˆ Z ) to separate the atom in
momentum space.
(iii) Apply a step function in electrode voltages to nonadiabatically (t  2p w ) displace the trap center in the
y-direction a distance yd .
(iv) Allow the ion to oscillate in the trap for an integer
number (M) of round trips Dt = M2p w .
(v) Reverse step (iii) by non-adiabatically switching the
trap voltages back to their original values.
(vi) Reverse step (ii) by applying Nk SDKs in the other
direction (Dp = Nk  Dksˆ Z ) to close the interferometer.
(vii) Apply another p 2 pulse with microwaves about an
axis inclined by f in the X , Y plane from the -Ŷ axis
of the Bloch sphere, then measure the internal state of
the ion in the qubit basis.
Steps (i) and (vii) are a standard Ramsey sequence,
therefore qubit and microwave oscillator coherence are
required for the duration of the protocol. Even for non-clockstate qubits with magnetic sensitivity on the order of a Bohr
magneton (m B), qubit coherence times of the order 1 s or
greater have been achieved [6]. We will describe the details of
the gyroscope protocol assuming the magnetic ﬁeld on the ion
is zero before discussing the magnetic ﬁeld effects.

2. Interferometer operation
We begin by introducing the protocol for measuring rotations
with a single ion that hosts a qubit with internal states ∣  ñ
2
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3. Phase–space displacements

spin-dependent and can therefore be implemented as a simple
trap center shift. Electrode voltages can be rapidly changed to
displace the trap center, an operation that has been demonstrated to couple to thousands of Fock states to perform a
coherent state displacement operation [11]. Compared to
coherent momentum transfer from a laser, voltage-driven
motion of this sort can produce a larger displacement, and
does so without the detrimental effects of spontaneous
emission and differential AC Stark shifts associated with
laser-driven gates.
A rapid shift of the trap center by a physical distance yd
along y can be modeled with a displacement operator

The trapped ion gyroscope relies on two different methods to
produce displacements in motional phase space: SDKs that
transfer photon momenta to the ions in directions that depend
upon the ion spin (qubit) state, and fast (t  2p w ) trap
voltage changes that rapidly displace the trap center. Since a
displacement operation in phase space necessarily involves a
large number of Fock states, both of these operations take
place much faster than the resolved-sideband limit
(Trsl » 2p w ) and therefore drive many number state transitions at once.
The ﬁrst type of displacement operations, the SDKs [7]
of steps (ii) and (vi), act as the beam splitters in the matterwave interferometer. The speed of the SDK is enabled
through the utilization of ‘ultrafast’ (mode-locked) lasers to
transfer  Dk of momentum to the ion using time-dependent
beat notes between counter-propagating laser beams (see
[7, 8] for more detail). Conceptually, the ideal SDK transfers
momentum to the ion whose direction is reversed for the two
spin states via the operator
UˆSDK = Dˆ x [ih ] sˆ+ + Dˆ x [ - ih ] sˆ-,

⎡ y ⎤
Dˆ y ⎢⎣ - 2yd ⎥⎦ ∣ayñ = ay 0

where y0 = x 0 º
suppressed.

1
2

(∣  ñ + ∣  ñ) Ä ∣ax , ayñ.

,

(8 )

 2 mw and global phase terms are

4. Rotation-induced phase

(5 )

where Dˆx [s] displaces a coherent state in x phase space a
complex distance s (see ﬁgures 1 and 2) and η is the Lamb–
Dicke factor for the laser-ion interaction in the x-direction
(h º Dkx 0 = Dk  2 mw ). Since step (vi) drives the same
process as (ii) with the direction of the kicks reversed
(effectively replacing i  -i in (5)), we have suppressed the
laser beat note phase when writing (5) since it plays no role as
long as it is stable during a single enactment of the interferometer protocol. The qubit raising and lowering operators
(sˆ) ﬂip the spin state of the qubit, so one way to make larger
displacements (i.e. Nk individual SDKs) is by repeating this
operation after a delay of half a motional period [9]. For
algebraic simplicity, we will assume for our protocol that the
number of SDKs applied (Nk ) is even and that an extra halfperiod of motion is inserted after the last kick to preserve the
harmonic oscillation phase of the initial motional state.
Working in the coherent state basis for describing the
ion’s motion in x and y (denoted by coherent state parameters
ax and ay ), step (i) results in the state
∣yiñ =

yd
2y0

The effect of rotation in this system can be described in either
the non-rotating frame (the ion frame) or the rotating reference frame (the apparatus frame). We choose the former,
which means that the rotation manifests itself as change in the
direction of the kicks between steps ((ii) and (iii)) and steps
((v) and (vi)). A constant rotation rate Ω about the positive
z-axis of the apparatus will shift the angles of these kicks by
q = WDt = WM

2p
.
w

(9 )

This transforms the displacement operators according to
ˆ
ˆ
Dˆ ¢ = e-iqJz Dˆ eiqJz

(10)

and the state of the ion after step (vi) is
∣yviñ =

(6 )

1
2

⎛ id 2
⎜ e ∣  ñ Ä ∣ax + iN k h (1 - cos q ) ⎝

Ä ay -

The SDKs in step (ii) induce spin-motion coupling to produce
the entangled state

yd
2y0

yd
2x 0

sin q

(1 - cos q ) - iN k h sin q
y

+ e-id 2∣  ñ Ä ∣ax - iN k h (1 - cos q )- 2xd sin q
0

∣yiiñ =

1
2

(

eiNk h IR (ax ) ∣  ñ Ä ∣ax + iN k hñ

)

+ e-iNk h IR (ax ) ∣  ñ Ä ∣ax - iN k hñ Ä ∣ayñ ,

Ä ay (7 )

where IR(a) denotes the real part of the coherent state parameter α.
Interferometers based on SDKs have been proposed [10]
to measure the Sagnac effect, and have recently been
implemented in a 1D non-Sagnac geometry to measure
temperature over a wide dynamic range [9]. However, for a
Sagnac gyroscope, the second displacement need not be

yd
2y0

⎞
(1 - cos q ) + iN k h sin q ⎟ ,
⎠

(11)

where the relative phase (δ) is given by
d = 2N k h

(

yd
2x 0

(1 + cos q ) sin q +

yd
2y0

(1 - cos q ) sin q

)

+ IR (ax )(1 - cos q ) - IR (ay) sin q .

3

(12)
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For a ﬁnite rotation rate, this protocol leaves residual
entanglement between the spin and motion in both x and y.
Using ∣mi,f (q ) ñ to denote the ﬁnal motional states in x and y
for the parts of the wavefunction that are associated with spin
state i Î {  ,  } in (11), the overlap is
q

2

ám,f (q )∣m,f (q ) ñ = e-2 (2Nk h sin 2 ) e-id ,
¢

the cosine in (17) to ﬁrst order in θ, we see that it simpliﬁes to
f - F, where
F=

(14)

Residual entanglement between spin and motion will reduce
the contrast of the interferometer, and it is the sum of δ and d ¢
that contributes the phase shift that is measured using this
protocol. However, as we show below, the phase shift that is
measured is unaffected by the initial ion temperature, and the
residual entanglement (i.e. imperfect motional state overlap)
can be suppressed by applying an appropriate magnetic ﬁeld.

 ( , q , f ) =

1⎛
∣yviiñ = 2 ⎜ eid 2 (e-if∣  ñ + ∣  ñ ) Ä ∣m,f (q ) ñ
⎝

(15)

ò

(16)

(20)

(21)

and the interferometer can be operated at essentially full
contrast, even at high temperature. There is therefore no
requirement that the ion be cooled to the Lamb–Dicke regime,
and as we estimate below, Doppler cooling should be sufﬁcient for full-contrast operation.

where
q 2
1
1
+ e-2 (2Nk h sin 2 )
2
2
⎛
A (ay)
´ cos ⎜f sin q
px 02
⎝

7. Magnetic ﬁeld effects

(17)

Since the ion is moving while it is accumulating rotationinduced phase, a nonzero magnetic ﬁeld will give rise to a
Lorentz force on the moving monopole. For a magnetic ﬁeld
in the z-direction, this will cause the ion’s orbit to precess in
the x, y plane, which will lead to a false rotation signal.
Speciﬁcally, the magnetically induced rotation rate (Wm ) can
be found [12] by equating the Lorentz and Coriolis forces for
a uniform, static magnetic ﬁeld in the z-direction (B = Bz zˆ ):

and P (aj ) is the Glauber–Sudarshan P-representation describing the (potentially mixed) initial motional state in the coherent
state basis. A (ay ) is the classical, geometric area of the ellipse
enclosed by the ion trajectories in the x, y plane, which
depends upon the initial position in y via yi = 2y0 IR (ay ):
A (ay) º p 2x 0 N k h ( yd - 2y0 IR (ay)).

q 2
1
1
1
+ e-(4Nk h sin 2 ) (n¯ + 2 )
2
2
⎛
⎞
A (0 )
´ cos ⎜f sin q⎟ ,
2
px 0
⎝
⎠

⎛q ⎞
⎛
1⎞
sin2 ⎜ ⎟  16Nk2 h 2 ⎜n¯ + ⎟
⎝2 ⎠
⎝
2⎠

 (  , q , f) = d2ax d2ay P (ax ) P (ay) áyvii∣  ñá  ∣yviiñ ,

⎞
- 4N k hx 02 IR (ax )(1 - cos q )⎟
⎠

(19)

which is valid to all orders in θ. The effect of ﬁnite temperature is a reduction in the contrast of the interference, but it
does not produce a phase shift of the signal. However, since
the exponent in (20) is proportional to sin2 (q 2) and the
Sagnac phase shift is proportional to sin(q ), the free evolution
time (Dt in (9)) can be chosen to satisfy

This step maps the motional phase onto the internal state of
the ion, which would then measured using standard ﬂuorescence techniques. The probability of measuring, for instance,
spin up (∣  ñ ) is given by

áyvii∣  ñá  ∣yviiñ =

2 mc2
(2MA (ay)) W.
hc2

For an ion that is pre-cooled to the motional ground state
along y (ay = 0 ), (19) gives precisely the desired outcome (1)
for the trapped ion gyroscope. For an ion that is initially in a
thermal state with mean phonon occupation numbers
n¯x = n¯ y º n¯ , (16) can be used to calculate the probability of
measuring spin up:

In order to measure the rotation-induced phase (d + d ¢), step
(vii) applies a second p 2 microwave pulse with a controllable phase shift f, yielding

+ e-id

q = 2p

6. Finite temperature

5. Readout

⎞
2 (∣  ñ - e if∣  ñ ) Ä ∣m (q ) ñ ⎟.
,f
⎠

px 02

This is identiﬁable as the Sagnac phase shift (1) with an effective
area of Aeff = 2MA (ay ) since the ion encloses the ellipse area
A (ay ) twice each period for M periods. (19) also provides
insight into the origin of the scale factor of this interferometer:
the rotation angle θ is effectively ‘ampliﬁed’ by a gain factor of
A (ay ) px02 , the ratio of the enclosed area to the area of the
ground-state wavefunction. This gain factor is the angular
momentum of the ion’s motion divided by ÿ, and the interferometer can therefore be thought of as a generalized atomic or
nuclear spin gyroscope with a very large effective spin.

(13)

where the ﬁrst term comes from the imperfect state overlap
(which is conﬁned entirely to momentum space) and the
second is a pure phase term called the overlap phase d ¢:
d ¢ º 2N k h (IR (ax )(1 - cos q ) - IR (ay) sin q ).

A (ay)

(18)

In the appendix, we show that a semiclassical derivation agrees
with this quantum calculation. If we expand the argument of

2 mWm (v ´ zˆ) = eBz (v ´ zˆ).
4

(22)
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separable the formulas below hold for each axis. Let us write
the general potential as
V=

⎞
⎛ x2
1
x3
x4
mw 2xl2 ⎜ 2 + C3 3 + C4 4 + ⎟,
2
xl
xl
⎠
⎝ xl

(25)

where xl is the amplitude of the ion’s motion and the {Ci} are
dimensionless numbers assumed to be much smaller than one.
With a harmonic trajectory x (t ) = xl sin (wt + f ), only even i
terms contribute non-zero phase shifts. Integrating over M
orbits gives
Df =

1


2pM w

ò0

dt
= mwxl2

electric potential in an rf Paul trap designed for use as a gyroscope.
The trap is rotationally symmetric about the y=0 line in the ﬁgure,
and consists of an rf ring (‘rf’, white), two DC end cap rings (‘e’,
purple), and two DC shim rings (‘s’, green). The potential energy
surface formed by putting rf voltage on the rf ring and positive DC
voltage on the end caps will have a non-negligible quartic term,
which can be shimmed out by putting a suitable DC voltage on the
shim ring. This ﬁgure shows the calculated electric potential in the
trap region from 22 V on the shim ring only. The coarseness of the
ﬁnite element mesh is evident in the calculated potential, which can
be used to estimate the effect of slight surface imperfections on real
electrodes.

This rotation rate is half the cyclotron frequency wcyc =
eB m = 2Wm , and the precession angle this will produce is
ampliﬁed by the gain factor of A (0) px02 to give a magnetically induced phase shift of
A (0 )
2⎛ w ⎞
= Dt ⎜e ⎟ A (0) Bz .
2
⎝ 2p ⎠

px 0

(23)

This phase shift can be interpreted as the dynamical phase
from the Zeeman shift of the ion’s motional magnetic
moment,
F

( ) = IA (0),

m
1 ¶  Dt
mm º
2 ¶Bz

(26)

3pM
C4 + .
8

(27)

To estimate how stringent a requirement this will be on
feasible ion traps, we have calculated this correction term for
an example trap, shown in ﬁgure 3. The trap potential is made
primarily through the pondermotive potential provided by
putting a 50 kHz = Wrf 2p sinusoidal voltage on the rf ring
and the electric potential from positive DC voltages on the
end cap rings. The quartic contribution to the overall potential
from this arrangement is due almost entirely to the pondermotive part, and can then be canceled by putting DC voltage
on the shim rings. Finite element analysis of the resulting
potentials suggests that with an rf amplitude of 48 V, the
quartic term in the x, y plane can be canceled by a voltage
near 22 V of DC on the shim rings. The resulting trap will
have a secular frequency of w 2p = 10 kHz in the x, y plane
and the DC voltage on the end cap rings can be used to tune
this frequency and conﬁne the ions in the z-direction, possibly
with slight additional shimming of the quartic term in
the x, y plane. For the operating parameters we estimate
below in section 11 (Nk = 100, M=100 round trips with
yd = 100m m ), the DC voltage control needed for the shim
ring to keep Df < 0.1 rad from (27) is at the level
of »0.1 mV.

Figure 3. Numerical calculation (via ﬁnite element analysis) of the

Fm º Dt Wm

1
mw 2xl2 åCi sini (wt + f)
2
i3

9. Requirements on the secular frequency
(24)

The experimental control needed to ensure sufﬁcient stability
and degeneracy of the secular frequencies in the x and y
directions can also likewise be estimated for this example
implementation (see ﬁgure 3). If the timing of step (v) or step
(vi) is imperfectly matched to an integer number of oscillations, there will not be a phase shift (assuming a thermal state
for the ion’s initial motion), but there will be a reduction in
the interference contrast.
We can model this as arising entirely from an error in
the secular frequency that shifts it from ω to w + dw , where
M º Dt w 2p . For our estimated operating parameters (see
section 11), the interference contrast will be reduced by a
factor of 2 for dw w » 10-7. Ion secular frequencies in the
comparatively high frequency and high voltage rf Paul
traps used for quantum information processing have been
stabilized at the 10−5 level [13]. We anticipate that ensuring

where I º ew 2p is the current from the ion’s motion. This
matches the classical expression for the magnetic moment of
a current loop of area A(0). In section 11, we outline a
practical implementation where this amounts to magnetic
sensitivity of order 1m B, a level that has been demonstrated to
allow coherence times of greater than 1 s [6] with shielding.

8. Non-harmonic corrections
The analysis we have presented has thus far assumed a perfectly harmonic potential. We can ﬁnd the ﬁrst-order phase
correction for small non-harmonic terms of the potential by
treating these terms as a perturbation and integrating over the
unperturbed trajectories. Assuming the potential remains
5
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Since this is independent of the trap frequency ω (we
assume M  1 and can therefore be chosen to achieve any
desired value of Dt ), the trapped ion gyroscope can be
operated in a relatively low-frequency trap as compared to
typical traps for applications requiring resolved sideband
operations. This provides the practical advantage of making
the non-adiabatic operations easier to achieve with high
ﬁdelity in a ﬁxed time. It also permits the use of a trap whose
electrodes are far apart and far from the ion, which will
suppress surface-induced heating and patch charge perturbations as well as improve harmonicity for a ﬁxed absolute
length scale.
We also note that the performance of this rotation sensor
is independent of the mass of the ion, and depends essentially
only on the wavelength of the laser used to drive the SDKs.
We will estimate parameters for 171Yb+, which was used for
the ﬁrst demonstrations of SDKs [7], but estimates for other
species will be similar in magnitude.
For the hyperﬁne clock-state qubit in 171Yb+, stimulated
Raman transitions can be driven by a tripled vanadate laser at
4p Dk = 355 nm [14] with Nk = 100 [15]. Since this qubit
has a demonstrated coherence time exceeding 1000 s [16], a
free-evolution time of Δt > 1 s should be possible. For a
(secular) trap frequency of w 2p = 10 kHz , a trap displacement of yd = 100 m m would correspond to ánñ » 9 ´ 10 5
phonons, where displacements corresponding to ánñ » 10 4
have already been demonstrated [11]. Cooling Yb+ to the
Doppler limit (TD = g 2kB) in such a trap will result in an
interference contrast of 85% for the (sidereal) rotation rate of
the Earth We » 73 m rad s-1. A trapped ion gyroscope operated with these parameters would have a scale factor of
¶F ¶W = 52 rad/We s and a sensitivity of  = 1.4 ´
10-6 rad s-1 Hz-1 / 2 . For M=100 orbits during free-evolution, this corresponds to a scale factor of ¶F ¶W =
5.2 rad /We . Improvements in the numbers of SDKs or the
distance of coherent trap displacements would make this
competitive with cold atom interferometers that use large
numbers of atoms.
For an interferometer using the parameters discussed
above, the magnetically induced rotation rate per unit ﬁeld is
Wm (2pBz ) = 4.5 Hz G-1. The associated motional magnetic
moment is mm = 1.1 m B, where m B is the Bohr magneton.
Since the magnetic ﬁeld stabilization required to combat this
systematic only needs to be applied to a small volume
(1 cm3), this magnetic sensitivity resembles the effect of
using a Zeeman-sensitive qubit, and many of the technical
difﬁculties associated with this have been overcome in various trapped ion quantum information processing experiments
[6]. An alternative approach to mitigating this effect would be
to intentionally choose a Zeeman-sensitive qubit with precisely the opposite sign for its magnetic moment. This is
analogous to atomic states where the spin magnetic moment
cancels the orbital magnetic moment while retaining ﬁnite
total angular momentum, such as in the 5F1 ground state of
ruthenium.
In the limit where the magnetically induced rotation rate
is much slower than the (secular) trap frequency (Wm  w ),
the ion moves in elliptical orbits of ﬁxed area whose

stability of the secular oscillations will be signiﬁcantly easier
in a low-voltage (»50 V) trap driven at 50 kHz = Wrf 2p ,
where there will be no need for a resonant circuit and direct,
real time measurement of the trap voltage waveform can be
used for feedback stabilization. Cooling to the motional
ground state before operation would relax this constraint to
about 1 part in 3 ´ 10 5.
Ensuring degeneracy of the x and y secular frequencies is
subject to essentially the same constraint above, where a
mismatch between wx and wy can be made to look like a
timing error in one or the other. The ﬁnite element analysis
shown in ﬁgure 3 was done for end cap rings that are sectioned into four angular quadrants with submillimeter gaps
between them to provide the ability to separately tune wx and
wy . By using DC potentials on these, the trap frequencies in
the x and y directions can be tuned to achieve the necessary
level of degeneracy through DC quadrupole ﬁelds. Assuming
that the mismatch between wx and wy is ﬁxed, the voltage
control necessary for the segmented end caps to achieve this
is around the 50 m V level. It may be necessary to section the
shim rings into quadrants as well if the residual quartic terms
are signiﬁcantly mismatched. Corrections for both the quartic
terms and potential trap anisotropy are therefore conﬁned to
the DC electrodes, which are likely easier to adjust than
tuning rf parameters.

10. Micromotion
Since we envision using an rf Paul trap for the trapped ion
gyroscope, the rf micromotion in such a trap has the potential
to introduce some complications. For a rotationally symmetric
trap such as that shown in ﬁgure 3, the free-evolution (step
(iv)) can be centered on the rf null, in which case the
micromotion will be purely radial. Since this produces no
torque on the orbit, it does not change the orbital angular
momentum of the ion and, as we show in the appendix, ﬁxed
angular momentum means this will not change the effective
enclosed area.
While having the correct timing and compensation of the
trap will ensure that the secular motion of the ion wavepackets close, the true Matheiu trajectories are not guaranteed
to close. It was for this reason that micromotion fringes are
visible in the interferometry work of [7], and we envision
operating the trapped ion gyroscope in a mode where the rf
drive frequency is an integer multiple of ω and the experiment
is triggered on on a ﬁxed phase of the rf. The ease of doing
this in the kHz regime instead of the MHz regime is one of
the many advantages of working with a low-frequency trap.

11. Performance
Once the evolution time has been ﬁxed, the sensitivity of the
trapped ion gyroscope can be written
=

1
2N k Dk yd Dt

.

(28)
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orientation slowly rotates. Too much rotation will reduce the
contrast of the interference signal since the kicks in step (v)
and (vi) will not efﬁciently close the interferometer loop.
However, trapped ions have also been demonstrated as superb
magnetic ﬁeld sensors, and it seems likely that with a periodic
measurement of a stationary ion’s Zeeman splitting, a wellcontrolled ﬁeld could be applied to cancel this effect.
Likewise, magnetic rotation could be leveraged to cancel
the contrast reduction associated with high actual rotation
rates (the exponential factor in (17)). In this ‘closed-loop
mode’, the magnetic ﬁeld needed to cancel the rotation would
become the output signal for the interferometer, and lowresolution rotation sensors could be incorporated to feed
forward the magnetic ﬁeld needed to keep the interferometer
contrast maximized and on the steepest part of a fringe.

wavepackets that travel the same average trajectory, only in
opposite directions, we eliminate a class of spatially varying
systematics. Finally, free-ﬂight interferometers have sensitivities to accelerations and the atomic beam velocities,
whereas the scale factor for the ion trap interferometer
depends only on the momentum kicks and trap displacement.
Another advantage of using trapped ions instead of
neutral atoms for matter-wave interferometry is the potential
to leverage the advances in trapped ion quantum information
processing to produce sub-shot-noise scaling of the sensitivity
with ion number. For example, a collection of NI ions could
be prepared in step (i) in a GHZ [22] spin state
1
NI

∣yñ =

(∣    ñ + ∣    ñ )

(29)

and the same protocol could be used as for the single ion to
accumulate phase, but with the resolution (and sensitivity)
enhanced by a factor of NI . These states (29) have been
created for as many as NI = 14 ions [23], and multiple groups
are actively pursuing various ways to scale up the size of
entangled trapped ion systems.

12. Discussion
The most sensitive large area laser ring gyroscope has a
reported sensitivity of  = 1.2 ´ 10-11 rad s-1 Hz-1 / 2 ,
achieved by enclosing a physical single-pass area of 16 m2
[17]. While the ﬁrst-generation sensitivity of the trapped ion
gyroscope we describe here does not project to be competitive
with large area laser ring gyros, it is likely to ﬁnd more utility
in situations such as navigation, where the development of
physically smaller devices is active [18]. The state of the art
commercial navigation laser gyroscope is speciﬁed with a
typical sensitivity of  = 10-6 rad s-1 Hz-1 / 2 [19]. This is
essentially the same as our projection for the ion system, and
improvements beyond the ﬁrst generation of this scheme may
one day be able to surpass these commercial devices.
Free-ﬂight matter-wave interferometers have demonstrated state of the art short term sensitivities of  = 6 ´
10-10 rad s-1 Hz-1 / 2 for atomic beams [20] and  = 1 ´
10-7 rad s-1 Hz-1 / 2 for laser-cooled atoms [21], which can
provide better long-term stability than the atomic beam
methods.
These short-term sensitivities for the neutral atom devices
are better than our projected ﬁrst generation sensitivity.
However, the trapped ion gyroscope again provides some
potential practical advantages as compared to these established, neutral atom techniques. First, the physical size of the
interferometer can be compact while still retaining a large
effective interferometer area by using multiple orbits. Second,
since the ion wavepacket re-combines in space twice per trap
period, this interferometer can be interrogated over a wide
dynamic range of free-evolution times. Fast rotation rates,
which can be problematic in neutral atom systems if the
wavepackets either do not re-combine or leave the interferometry region, can be compensated by applying uniform
magnetic ﬁelds. The operational mode could be to actively
stabilize the fringes with an applied ﬁeld, which becomes the
readout signal. There is also no need to keep multiple optical
beam paths interferometrically (relatively) stable since the
only steps that are sensitive to a laser phase (the SDKs, steps
(ii) and (vi)) are driven by the same laser with its beam traversing the same optical path. In addition, by using single ion
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Appendix. Area formula
We show using semiclassical derivation that the area enclosed
by the interferometer is insensitive to the ion’s initial position
and momentum in x and initial momentum in y. Choosing a
coordinate system centered on the trap center, the area
enclosed by a periodic trajectory r(t ) is given by the path
integral
A=

1
2

∮

r ´ dr =

=

1
2m

ò0

T

1
2

ò0

T

dt J =

d t r (t ) ´ v (t )

(A.1)

JT
,
2m

(A.2)

where T º 2p w is the period and J is the angular momentum
about the center of the trap. A momentum kick, Dp, at the start
of the trajectory (and taken to be along x) changes the angular
momentum by DJSDK = r (0) ´ Dp = r^ (0) ´ Dp, where
r^ (0) is the component of the initial displacement perpendicular to the direction of the momentum kick (which we will
take to be the y-direction). The trap displacement in y then
changes the angular momentum by DJd = -yd yˆ ´ p (0). We
are interested in the areas for two trajectories with initial
momentum kicks, Dp = Nk  Dk xˆ , in opposite directions
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in x. The area enclosed by the interferometer is the difference
between these areas, taken over half a motional period (since
the interferometer closes at time T 2):
A=

DJ

T
2

2m

=p

Dp
( yd - r^ (0)) ,
mw

(A.3)

which agrees with (18). We see that the area difference
depends only on the initial displacement perpendicular to the
SDK direction and the size of the kick. The formula holds for
circular, elliptical, or even straight line trajectories and is also
independent of the initial momentum of the particle.
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