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Diatomic molecular codes [arXiv:1911.00099] are designed to encode quantum information in
the orientation of a diatomic molecule, allowing error correction from small torques and changes
in angular momentum. Here, we directly study noise native to atomic and molecular platforms
— spontaneous emission, stray electromagnetic fields, and Raman scattering — and derive simple
necessary and sufficient conditions for codes to protect against such noise. We identify existing and
develop new absorption-emission (Æ) codes that are more practical than molecular codes, require
lower average momentum, can directly protect against photonic processes up to arbitrary order, and
are applicable to a broader set of atomic and molecular systems.

Quantum technologies typically store, process, and
transport quantum information in two states of simple
quantum objects, such as atoms, photons, or electrons.
As technical capabilities increase, it becomes reasonable
to consider harnessing more complicated quantum ob-
jects whose large state space can provide enough redun-
dancy for an extra layer of protection against noise .

Molecules provide an attractive platform for this en-
deavor, as their complexity is tunable from simple di-
atomics to large molecules like DNA and beyond, and
can thus be matched to the desired task. Further, most
molecules are amenable to fast control via microwave ra-
diation, meaning that they combine the convenient con-
trol of solid-state qubits with the desirable decoherence
properties of atomic qubits.

As a result, there has been considerable experimen-
tal effort to bring molecules into the quantum toolbox.
Diatomic molecules have been prepared in single quan-
tum states and entangled [1–8]; polyatomic molecules are
beginning to be explored with already some success in
trapping and cooling [9–18]; and a number of laser-free
quantum logic schemes have been proposed [19–26].

Though the application of molecular structure to quan-
tum logic is not yet well understood, a recent molecular
code [27] proposal revealed the possibility of utilizing
various rotational state spaces for a robust encoding of in-
formation. Such codes protect information against noise
that causes the angular position or momentum to change
by only a small amount. We show that such a rigid-body
noise model is not always relevant to the physical noise
present in more general systems, necessitating a search
for other types of encodings. Molecular code states are
also difficult to create, requiring an infinite superposition
of angular momentum eigenstates and, ideally, a high av-
erage angular momentum. A more compact code could
thus be more amenable to current and near-term quan-
tum devices.

Real noise in atomic and molecular systems differs from

FIG. 1. Representation of a 𝐽 = 5 counter-symmetric Æ
code that protects against order-one angular-momentum tran-
sitions in the angular momentum (𝐽,𝑚) basis (left) and as
the absolute value of the spherical wavefunctions (right). The
wavefunctions were obtained by representing each state |𝐽,𝑚⟩
with the spherical harmonic 𝑌 𝐽

𝑚(𝜃, 𝜑).

the typically studied and relatively well-behaved Pauli-
type noise . A noise process resulting from interactions
with an environment may induce one or more transitions
between a system’s basis states [28–31], corresponding to
a non-unitary operator acting only on the basis states
participating in the transitions. An important observa-
tion is that the number of transitions induced by a unique
noise process is inversely correlated with a code’s ability
to protect against such a process.

For example, ladder-type photon loss or gain errors of a
harmonic oscillator induce the maximum (infinite) num-
ber of transitions, and numerous well-performing bosonic
codes can protect against such processes . On the other
hand, a native anharmonicity in the system makes it pos-
sible for the environment to resolve some of these transi-
tions into distinguishable processes, inducing noise that
is uncorrectable by such codes [32, Sec. VIII].

This would appear to be a serious limitation, as dis-
tinguishable events in ubiquitous processes such as spon-
taneous emission, spontaneous Raman scattering, and
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FIG. 2. Error processes induced by absorption, emission, and
the Zeeman interaction affect momentum degrees of freedom
in one of nine different ways, corresponding to the nine opera-
tors �̂�, �̂� and �̂� from Eq. (3). The dashed (solid, dotted) lines
indicate transitions on P (Q,R) branches with respect to the
total angular momentum 𝐽 . Field polarization is indicated
by color with green (blue, red) for 𝜎− (𝜋, 𝜎+) polarization.
The Zeeman interaction on the 𝐽 manifold supporting the
code can induce pure 𝛿𝑚 = ±1 transitions for magnetic field
B ⊥ ẑ (black) or cause dephasing through energy shifts for
B ‖ ẑ (not shown). Since 𝐽 is the total angular momentum,
both absorption (upper half) and emission (lower half) change
𝐽 by at most one in molecules with internal angular momenta.

blackbody radiation induce transitions between only a
few individual states of atoms and molecules. However,
though the energy and polarization of an absorbed or
emitted photon reveal a great deal of information about
the molecular state to the environment, we utilize the ex-
tra degeneracy in the 𝑧-component of angular momentum
to construct new types of codes — the Æ (absorption-
emission) codes — that are robust to common sources of
error in molecular systems.

Although we primarily consider molecular systems, we
find that Æ codes are compact enough to also be hosted
in some atoms and atomic ions as long as they have a
Zeeman manifold with sufficiently large total angular mo-
mentum. Thus they provide a means to correct for spon-
taneous emission error in atomic laser-driven gates, which
is the fundamental limit to gate fidelity in those systems
[33, 34]. We present the construction of Æ codes and
discuss example encodings in molecules and atoms.

Our results apply to any system admitting multiple
2𝐽 + 1-dimensional irreducible representations of total
𝑆𝑈(2) angular momentum 𝐽 . For a given system, this
momentum may represent a combination of various nu-
clear, electronic, and rotational angular momenta; we use

𝐽 here to denote total angular momentum irrespective of
the underlying structure. The state space we consider is
spanned by states {|𝐽,𝑚⟩}, where 𝐽 is a non-negative in-
teger or half-integer, and 𝑚 denotes the 𝑧-axis projection
ranging from −𝐽 to 𝐽 .

The goal of error correction is to pick a subspace of
a system’s state space that is robust to noise. A code
subspace, or codespace, can be defined by a basis of its
codewords {|̄𝑖⟩}. We consider codespaces of fixed total
angular momentum 𝐽 . For the case of a logical-qubit
encoding, the codewords are

|0̄⟩ =
∑︀

𝑚𝛼𝑚 |𝐽,𝑚⟩ and |1̄⟩ =
∑︀

𝑚𝛽𝑚 |𝐽,𝑚⟩ , (1)

where 𝛼𝑚, 𝛽𝑚 are complex coefficients that ensure proper
normalization. The total-momentum restriction ensures
that our encodings apply not only to rotational states of
diatomic molecules, but also to sufficiently large atomic
subspaces of fixed total momentum.

Dominant noise processes acting on code states should
be detectable and correctable. A given set of error
processes is correctable if all pairs of representative
Kraus operators [29] from the set {�̂�𝑎} satisfy the Knill-
Laflamme (KL) conditions [35, 36]

⟨̄𝑖|�̂�†
𝑎�̂�𝑏|�̄�⟩ = 𝛿𝑖𝑗𝑐𝑎𝑏 (KL conditions). (2)

The Kronecker delta, 𝛿𝑖𝑗 , implies that no two orthogonal
states in the codespace should be mixed by the errors.
The requirement that the weight 𝑐𝑎𝑏 is independent of 𝑖
ensures that the errors occur with the same probability
for each code word and therefore do not distinguish be-
tween code states. In physical terms, this means that the
qubit’s information remains intact and unentangled with
the environment after an error has occurred.

Molecular systems are inherently anharmonic, mean-
ing that any arbitrarily-chosen transition is likely to be
energy-resolvable from another arbitrarily chosen transi-
tion, even of the same rank. Distinguishable noise pro-
cesses that induce transitions between only a few indi-
vidual eigenstates are actually harder to correct, with
processes inducing transitions between a single pair of
eigenstates placing severe restrictions on the codespace.

Using the KL conditions (2), we observe that a dis-
tinguishable noise process connecting single eigenstates,
�̂� = |𝐽 ′,𝑚′⟩⟨𝐽,𝑚| for some 𝐽 ′ ̸= 𝐽 or 𝑚′ ̸= 𝑚, auto-
matically precludes the state |𝐽,𝑚⟩ from being used to
construct the code. In other words, we are required to set
𝛼𝑚 = 𝛽𝑚 = 0 in Eq. (1) if there is any hope of construct-
ing a code protecting against such a process. This idea
holds more generally, as demonstrated by the following
theorem (see Appx. A for a proof).

Theorem 1. Given a Hilbert space with countable basis
and orthogonal vectors |𝜓⟩ and |𝜑⟩, an error channel con-
taining the Kraus operator �̂� = |𝜑⟩ ⟨𝜓| is correctable only
if the codespace is not supported by |𝜓⟩.
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If there are sufficiently many single-transition noise
processes, the above theorem restricts the state space so
severely that error-correction is not possible (cf. [37, 38]).
Fortunately, molecular transitions are not fully resolved:
while the environment is able to distinguish transitions
between different angular momenta 𝐽, 𝐽 ′, we show that
error correction is still possible if the environment does
not resolve the different 𝑧-axis components 𝑚,𝑚′. This
occurs when states |𝐽,𝑚⟩ of a given fixed-𝐽 manifold are
degenerate in 𝑚 to the precision of the linewidth of the
transition associated with the error — a reasonable as-
sumption for many atomic and molecular systems [39].

A common source of error when dealing with atoms or
molecules is the dipole-absorption or spontaneous dipole-
emission of a photon, which leads to a change in the an-
gular momentum and its projection by at most one. Any
noise channel acting on the system can be expressed in
the Kraus representation [29], with spontaneous emission
from a fixed-𝐽 subspace yielding the nine possible Kraus
operators

�̂�0 ∝
∑︀

𝑚
√
𝐽2−𝑚2 |𝐽 − 1,𝑚⟩⟨𝐽,𝑚|

�̂�±1 ∝
∑︀

𝑚

√
(𝐽∓𝑚−1)(𝐽∓𝑚) |𝐽 − 1,𝑚± 1⟩⟨𝐽,𝑚|

�̂�0 ∝
∑︀

𝑚

√
(𝐽+1)2−𝑚2 |𝐽 + 1,𝑚⟩ ⟨𝐽,𝑚|

�̂�±1 ∝
∑︀

𝑚

√
(𝐽±𝑚+1)(𝐽±𝑚+2) |𝐽 + 1,𝑚± 1⟩ ⟨𝐽,𝑚|

�̂�0 ∝
∑︀

𝑚𝑚 |𝐽,𝑚⟩ ⟨𝐽,𝑚|
�̂�±1 ∝

∑︀
𝑚

√
(𝐽∓𝑚)(𝐽±𝑚+1) |𝐽,𝑚± 1⟩ ⟨𝐽,𝑚| . (3)

The square-root coefficients in �̂�𝛿𝑚, �̂�𝛿𝑚 and �̂�𝛿𝑚

are proportional to the Clebsch-Gordan factors
𝐶𝐽−1,𝑚+𝛿𝑚

1,𝛿𝑚;𝐽,𝑚 , 𝐶𝐽+1,𝑚+𝛿𝑚
1,𝛿𝑚;𝐽,𝑚 and 𝐶𝐽,𝑚+𝛿𝑚

1,𝛿𝑚;𝐽,𝑚, respectively
[40]. These operators obey symmetry relations,
�̂�†

𝛿𝑚(𝐽 + 1) = �̂�−𝛿𝑚(𝐽) and �̂�†
𝛿𝑚 = �̂�−𝛿𝑚, where �̂�(𝐽)

and �̂�(𝐽) denote the Kraus operators acting on the 𝐽
total angular momentum manifold.

The transitions described by these operators can
change quantum numbers other than 𝐽 and 𝑚, but we re-
strict the notation to explicitly indicate only the total an-
gular momentum labels involved, as the 𝑚-dependences
of the amplitudes are functions of only 𝐽 and 𝑚. Various
other physical processes correspond to the same Kraus
operators (see Fig. 2).

Distinguishable versions of the above Kraus processes
occur for each 𝐽 . The ability of the environment to re-
solve different total angular momenta renders these pro-
cesses sufficiently severe so as to be uncorrectable by di-
atomic molecular codes [27, Sec. VI], as can be verified
by direct calculation of the KL conditions (2).

Given this result and the multitude of relevant error
sources, it is natural to ask: Can codewords resilient to
photon absorption or emission error be found at all? We
answer this in the affirmative by noticing that the oper-
ators (3) consist of multiple unresolvable transitions be-
tween various projection values 𝑚,𝑚′.

To ensure that decays with 𝛿𝑚 = ±1 do not mix the
codewords, we take the codestates to be superpositions
of basis states separated by at least three units in 𝑚, as
illustrated in Fig. 1. Given this ansatz, a code has only
to satisfy the “diagonal” KL conditions,

⟨0̄| �̂�†
𝛿𝑚�̂�𝛿𝑚 |0̄⟩ = ⟨1̄| �̂�†

𝛿𝑚�̂�𝛿𝑚 |1̄⟩ , 𝛿𝑚 ∈ {0,±1} , (4)

where �̂� ∈ {�̂�, �̂�, �̂�}, in order to correct all the men-
tioned errors.

We can see that all KL matrix elements of the form
⟨𝐽,𝑚| �̂�†

𝛿𝑚�̂�𝛿𝑚 |𝐽,𝑚⟩ are quadratic polynomials in𝑚. As
a result, these conditions are satisfied if the codes protect
against the dephasing error set {1, �̂�}, where 1 is the
identity, and

�̂� =
∑︀

𝐽,𝑚|𝐽,𝑚⟩𝑚⟨𝐽,𝑚| (5)

is the dephasing operator. This is because the diagonal
KL matrix elements for the dephasing error set are mono-
mials in 𝑚 up to order 2, which in turn form the diagonal
KL matrix elements of the Kraus operators in Eq. (3) via
linear combination. Thus, we can recast the complicated
error operators of Eqn. (3) in terms of dephasing — a
smaller and simpler set of correctable noise operators.

In summary, any codewords that are sufficiently spaced
in 𝑚 and satisfy Eq. (4) for dephasing errors automati-
cally protect against the much larger and seemingly more
complex error set {�̂�𝛿𝑚, �̂�𝛿𝑚, �̂�𝛿𝑚, �̂�} with |𝛿𝑚|≤ 1.

Example codewords. The task of finding the code-
words which satisfy the two diagonal KL constraints cor-
responding to the dephasing error set {1, �̂�} can be for-
mulated as finding solutions to a simple linear system.
This system can be under-constrained, and we list two
families of solutions below (see Appx. B for details and
more examples).

For integer 𝐽 , restricting to codewords that have am-
plitudes which are symmetric about 𝑚 = 0, we obtain
the symmetric codes

|0̄⟩ =
√︁

1
2 (|𝐽,−𝑚1⟩+ |𝐽,𝑚1⟩) (6)

|1̄⟩ =
√︁

(1− 𝑚2
1

𝑚2
2
) |𝐽, 0⟩+

√︁
𝑚2

1

2𝑚2
2
(|𝐽,−𝑚2⟩+ |𝐽,𝑚2⟩) ,

for any choice of positive integers 𝐽 ≥ 6, 𝑚1 ≥ 3 and
with the constraint 𝑚2 ≥ 𝑚1 + 3 (see Fig. 1).

These are highly tunable, working even when the spac-
ing between neighboring states is non-uniform (𝑚2 ̸=
2𝑚1) or when the manifold is saturated (𝑚2 = 𝐽). As
a consequence of the form of the Clebsch-Gordan coeffi-
cients, the basis-state amplitudes within a codeword are
independent of 𝐽 and depend only on the ratio 𝑚1/𝑚2.

A more basic error-detecting version of these codes,

|0̄⟩ =
√︁

1
2 (|𝐽,−𝑚⟩+ |𝐽,𝑚⟩) and |1̄⟩ = |𝐽, 0⟩ , (7)
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is possible for 𝐽,𝑚 ≥ 2; this can be thought of as an
analogue of the dual-rail code [41], detecting a single
transition error.

Restricting to codewords that are counter-symmetric
about 𝑚 = 0, we get the family of solutions

|0̄⟩ =
√︁

𝑚2

𝑚1+𝑚2
|𝐽,−𝑚1⟩+

√︁
𝑚1

𝑚2+𝑚1
|𝐽,𝑚2⟩

|1̄⟩ =
√︁

𝑚1

𝑚1+𝑚2
|𝐽,−𝑚2⟩+

√︁
𝑚2

𝑚2+𝑚1
|𝐽,𝑚1⟩ . (8)

This code works for both integer and half-integer 𝐽 ≥
9/2, with 𝑚1 ≥ 3/2 and 𝑚2 ≥ 𝑚1 + 3. Further, like
the previous code, the amplitudes are independent of 𝐽
and depend only on 𝑚1/𝑚2. For detection, 𝐽 ≥ 3 with
𝑚1 ≥ 1 and 𝑚2 ≥ 𝑚1 + 2 suffices.

Higher-order transitions. Errors causing higher-order
transitions can occur if a laser is applied to the system,
inducing spontaneous Raman scattering. A key obser-
vation of this work is that the patterns described above
generalize, yielding a simplified error set along with cor-
responding codes.

An error channel causing up to order-𝑛 transitions con-
sists of all operators

�̂�
𝑟(𝛿𝐽)
𝛿𝑚 ∝

∑︁
|𝑚|≤𝐽0

⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟
𝛿𝑚 |𝐽0,𝑚⟩

× |𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚⟩ ⟨𝐽0,𝑚| , (9)

where |𝛿𝐽 |≤ 𝑟, 𝑟 ≤ 𝑛, and the 𝑌 matrix elements are as
defined in [27, Tab. V]. This model encompasses all emis-
sion, absorption, dephasing and raising/lowering noise
up to order 𝑛 (including all electric and magnetic 2𝑟-
pole transitions up to 𝑟 = 𝑛). For first-order transitions,
𝑟 = 1 and 𝛿𝐽 = −1, 1, 0, correspond to �̂�, �̂�, �̂�, respec-
tively. General higher-order transitions allow for changes
|𝛿𝑚|, |𝛿𝐽 |≤ 𝑟, yielding a total of (2𝑟+1)2 different errors.

Choosing a sufficiently large spacing in 𝑚 automat-
ically leads to satisfaction of the off-diagonal KL con-
ditions for many of the noise operators. The relevant
diagonal conditions, which in general include products
�̂�𝑟1†�̂�𝑟2 with different values of 𝑟, are potentially prob-
lematic since each operator contains a square-root of
an 𝑟-dependent polynomial in 𝑚. Surprisingly, all rele-
vant products turn out to contain the same square root,
thereby yielding a polynomial in 𝑚 of degree 𝑟1+ 𝑟2 (see
Appx. C for proofs).

The diagonal conditions are once again reduced to
the conditions for a generalized dephasing operator set,{︀
�̂�𝑘 | 0 ≤ 𝑘 ≤ 𝑛

}︀
.

One general family of Æ codes protecting against an-
gular momentum change and dephasing errors (9) up to
order 𝑛 admits the basis (see Appx. D for details)

|0̄/1̄⟩ = 1

2𝑛

2𝑛+1∑︁
even /odd 𝑘=0

√︁(︀
2𝑛+1

𝑘

)︀
|𝐽0,−𝑚0 + 𝑘(2𝑛+ 1)⟩ ,

(10)

for 𝐽0,𝑚0 ≥ (2𝑛 + 1)2/2. Setting 𝐽0 = (2𝑛 + 1)2/2
transforms this family into the counter-symmetric code
family, to which Eq. (8) belongs. This family allows for
the most resource-efficient packing for correcting order-
𝑛 errors. For error detection, total angular momentum
𝐽0 = (𝑛+1)2/2 suffices, along with 𝑚0 = (𝑛+1)2/2 and
spacing of 𝑛+ 1 between supported momentum states.

With the complicated error-correction conditions re-
duced to a simple linear system, we observe that the
above codes can be relevant to other paradigms. Us-
ing an ansatz consisting of identical spacing between any
neighboring pair of states and only allowing states with
𝑚 ≥ 0 recovers the bosonic binomial codes [42], or the
permutation-invariant many-qubit GNU codes [43].
The dephasing operator �̂� is mapped to the oscillator oc-
cupation number (total qubit spin) in the former (latter)
case. We explicitly consider transitions in angular mo-
mentum 𝐽 , and removing those reduces our noise model
to that of single-spin codes [44–48][27, Sec. III.B]. All
of our codes thus work just as well against shift errors
of a single spin (cf. [49]), and our variable-shifted codes
generalize the binomial codes for the oscillator.

Discussion & conclusion We simplify the conditions
required for an encoding to protect against transitions in
angular momentum due to the gain or loss of 𝑛 quanta.
This allows us to identify several code families that pro-
tect against such processes up to any 𝑛. Our codes can be
hosted in a total angular momentum 𝐽 space which can
arise from combinations of spin, electronic, or rotational,
or nuclear angular momenta.

The 𝑛 = 2 codes allow correction of spontaneous Ra-
man scattering error and are therefore potentially use-
ful in atom-based quantum processing, where this er-
ror sets the fundamental gate fidelity for laser-based
gates [50]. They require a total angular momentum of
at least 𝐽 = 25/2, which is present in a number of
transition-metal atoms with isomeric nuclear states. For
example, naturally-abundant 180𝑚Ta+ is observationally
stable and has nuclear spin 𝐼 = 9 with a ground state de-
scribed as 5𝐹 , and therefore possesses two subspaces of
total angular momentum 13, and one of 14. Both 143Nd+

and 145Nd+ are naturally abundant with 𝐼 = 7/2, and
the metastable electronic 6L state can support 𝑛 = 2
codes. Similarly, isomeric nuclear states in 178Hf+ and
192Ir+ with radioactive half lives of approximately 31 y
and 240 y, respectively, could host the code. Direct laser
cooling of these ions has yet to be demonstrated.

If only 𝑛 = 2 error detection is required, then atomic
states with momentum ≥ 9/2 are sufficient. This require-
ment is much more easily satisfied; for example, 173Yb+,
which has been trapped and laser cooled in the group
of one of the authors (WCC), has nuclear spin 𝐼 = 5/2,
leading to several metastable states in the 2F𝑜

7/2 mani-
fold that can host the error-detection code. Further, In,
In+ and Lu+ have been trapped and laser cooled [51–54]
and possess isotopes with 𝐼 ≥ 9/2. In the case of In+

https://errorcorrectionzoo.org/c/dual_rail
https://errorcorrectionzoo.org/c/binomial
https://errorcorrectionzoo.org/c/gnu_permutation_invariant
https://errorcorrectionzoo.org/c/single_spin
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and Lu+, the ground states are described as 1S0. Such
systems could be interesting as the qubit is hosted solely
in the nuclear spin and therefore likely more robust than
an electronic qubit due to the smaller size of the nucleus.

The same codes also correct 𝑛 = 1 errors, which are rel-
evant for protection against first-order coupling to elec-
tromagnetic vacuum and blackbody radiation and are a
primary noise source for molecular qubits. States with
sufficient 𝐽 to host the code are available in essentially ev-
ery molecule. For example, in simple diatomic molecules
like CaF, which have recently been entangled [7, 55] and
29SiO+, which is promising for molecular-ion quantum
logic [16, 56], the code can be hosted in the fourth ro-
tationally excited state. Similarly, our symmetric code
can be hosted in the third rotatonally excited state of
H35Cl+, where it may be possible to perform error cor-
rection via electric-field gradient gates at 1.6 GHz [57].

Finally, the 𝑛 = 1 error-detecting code in Eq. (7) fits
into any subspace with total momentum two. Assuming
that control of atomic, molecular, and color center qubits

improves, this code could serve as a atomic/molecular
analogue of the ubiquitous photonic dual-rail encoding.

Our simplified error-correction conditions against
prominent physical noise are often underconstrained,
yielding other families of codes which correct against the
same errors. We anticipate that our noise-model simpli-
fication will yield a blueprint for code designs tailored to
the specifics of a given atom or molecule.
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and W911NF-19-1-0297). Contributions to this work by
NIST, an agency of the US government, are not subject to
US copyright. Any mention of commercial products does
not indicate endorsement by NIST. VVA thanks Olga
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APPENDIX A: No-go theorem

Here, we prove Theorem 1: Given a Hilbert space with countable basis and orthogonal vectors |𝜓⟩ and |𝜑⟩, an error
channel containing the Kraus operator �̂� = |𝜑⟩ ⟨𝜓| is correctable only if the codespace is not supported by |𝜓⟩.

Proof. Proof is simple by checking the KL conditions for this error operator. Consider the two general encoded states

|0̄⟩ =
∑︀

𝑖𝛼𝑖 |𝜓𝑖⟩ and |1̄⟩ =
∑︀

𝑖𝛽𝑖 |𝜓𝑖⟩ , (A11)

with the sum running over the Hilbert space basis {|𝜓𝑖⟩} and set |𝜓0⟩ = |𝜓⟩ without loss of generality. To be valid
code states, the following conditions need to be satisfied simultaneously given �̂�†�̂� = |𝜓0⟩⟨𝜓0|.

|𝛼0|2= ⟨0̄| �̂�†�̂� |0̄⟩ !
= ⟨1̄| �̂�†�̂� |1̄⟩ = |𝛽0|2 (A12)

⟨0̄| �̂�†�̂� |1̄⟩ = 𝛽0𝛼
⋆
0

!
= 0 , (A13)

where we denote satisfaction by the symbol “ !
=”. The only solution to Eqn. A12 and Eqn. A13 is 𝛼0 = 𝛽0 = 0 i.e. the

code states having zero support over the state |𝜓⟩.

APPENDIX B: Protection against dephasing

We concentrate on identifying code states designed to protect against dephasing errors up to order 𝑘. These code
states are confined to a single 𝐽 manifold, and we assume a separation such that the off-diagonal KL conditions (i.e.
𝑖 ̸= 𝑗) are trivially fulfilled. The remaining KL constraints are

⟨0̄| �̂�𝑟 |0̄⟩ − ⟨1̄| �̂�𝑟 |1̄⟩ = 0 (B14)

for all 𝑟 upto 2𝑛. Considering the general code states

|0̄⟩ =
∑︀

𝑚𝛼𝑚 |𝐽,𝑚⟩ and |1̄⟩ =
∑︀

𝑚𝛽𝑚 |𝐽,𝑚⟩ , (B15)

these constraints simply become linear equations{︃
𝐽∑︁

𝑚=−𝐽

(︀
|𝛼𝑚|2−|𝛽𝑚|2

)︀
𝑚𝑟 = 0

}︃
0≤𝑟≤2𝑛

. (B16)

This is a system of 2𝑛 linear equations in the 4𝐽 + 2 variables |𝛼𝑖|2, |𝛽𝑗 |2. One might initially consider the solution
𝛼𝑖 = 𝛽𝑖∀, 𝑖, but quickly realizes that it fails to meet the necessary requirements for our ansatz and is not valid. Due
to the constraints on the ansatz, the actual number of variables involved is generally much smaller than 4𝐽 + 2. To
illustrate, we explicitly outline the system of equations for spontaneous decay arising from the symmetric ansatz.

|0̄⟩ = 𝛼−𝑚1
|𝐽,−𝑚1⟩+ 𝛼𝑚1

|𝐽,𝑚1⟩ and |1̄⟩ = 𝛽−𝑚2
|𝐽,−𝑚2⟩+ 𝛽0 |𝐽, 0⟩+ 𝛽𝑚2

|𝐽,𝑚2⟩ . (B17)

Here, instead of 4𝐽 +2 variables, there are only 5, independent of 𝐽 (provided 𝐽 ≥ 6). The constraints to be satisfied
are {︀

|𝛼−𝑚1
|2(−𝑚1)

𝑖 + |𝛼𝑚1
|2𝑚𝑖

1 − |𝛽0|2𝛿0,𝑖 − |𝛽−𝑚2
|2(−𝑚2)

𝑖 − |𝛽𝑚2
|2𝑚𝑖

2 = 0
}︀
0≤𝑖≤2

. (B18)

This is a system of three linear equations in five variables admitting infinitely many solutions, one of which is
presented in Eq. (6)

Our method enables the construction of such error-correcting code families for protection against errors of any
order. We illustrate with a countersymmetric code family, designed to correct upto order 2 errors.

|0̄⟩ =
√︁

𝑚1(𝑚1−𝑚2)𝑚2

(𝑚1−𝑚3)(𝑚1−𝑚2+𝑚3)(𝑚2+𝑚3)
|𝐽,−𝑚3⟩+

√︁
𝑚2(𝑚2−𝑚3)𝑚3

(𝑚1+𝑚2)(𝑚1−𝑚3)(𝑚1−𝑚2+𝑚3)
|𝐽,−𝑚1⟩

+
√︁

𝑚1𝑚3(𝑚1+𝑚3)
(𝑚1+𝑚2)(𝑚1−𝑚2+𝑚3)(𝑚2+𝑚3)

|𝐽,𝑚2⟩
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|1̄⟩ =
√︁

𝑚1𝑚3(𝑚1+𝑚3)
(𝑚1+𝑚2)(𝑚1−𝑚2+𝑚3)(𝑚2+𝑚3)

|𝐽,−𝑚2⟩+
√︁

𝑚2(𝑚2−𝑚3)𝑚3

(𝑚1+𝑚2)(𝑚1−𝑚3)(𝑚1−𝑚2+𝑚3)
|𝐽,𝑚1⟩

+
√︁

𝑚1(𝑚1−𝑚2)𝑚2

(𝑚1−𝑚3)(𝑚1−𝑚2+𝑚3)(𝑚2+𝑚3)
|𝐽,𝑚3⟩ (B19)

where 𝑚3 −𝑚1,𝑚2 −𝑚1 ≥ 5 and 𝑚1 ≥ 2. Lastly, our approach is not limited to systems with inherent symmetries;
it can be applied to construct codes using any ansatz that meets the separation requirements. As a comprehensive
illustration, we showcase the general compact code capable of correcting up to order 1 errors.

|0̄⟩ =
√︁

(𝑚3−𝑚2)(𝑚4−𝑚2)
(𝑚2−𝑚1)(𝑚1+𝑚2−𝑚3−𝑚4)

|𝐽,𝑚1⟩+
√︁

(𝑚1−𝑚3)(𝑚1−𝑚4)
(𝑚1−𝑚2)(𝑚1+𝑚2−𝑚3−𝑚4)

|𝐽,𝑚2⟩

|1̄⟩ =
√︁

(𝑚1−𝑚4)(𝑚2−𝑚4)
(𝑚1+𝑚2−𝑚3−𝑚4)(𝑚3−𝑚4)

|𝐽,𝑚3⟩+
√︁

(𝑚1−𝑚3)(𝑚3−𝑚2)
(𝑚1+𝑚2−𝑚3−𝑚4)(𝑚3−𝑚4)

|𝐽,𝑚4⟩ . (B20)

where the separation requirement are met if |𝑚𝑖 − 𝑚𝑗 |≥ 3 ∀ 𝑖 ̸= 𝑗. This family admits Eq. (8) as a member upon
setting 𝑚1 = −𝑚1,𝑚3 = −𝑚2 and 𝑚4 = 𝑚1.

APPENDIX C: Theorems concerning 𝑌 matrix elements

Using an ansatz with sufficient separation between supported states, the only KL conditions for higher order transi-
tion errors which are not trivially satisfied include terms of the form ⟨𝐽0,𝑚| �̂�𝑟1†�̂�𝑟2 |𝐽0,𝑚⟩ (see Eq. (9) for definition
of �̂�𝑟) which are proportional to products of 𝑌 operators ⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟1

𝛿𝑚 |𝐽0,𝑚⟩ ⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟2
𝛿𝑚 |𝐽0,𝑚⟩.

Then, the following claim is adequate to prove that such KL conditions reduce to the KL conditions for the generalized
dephasing operator set

{︀
�̂�𝑘 | 0 ≤ 𝑘 ≤ 𝑛

}︀
for any 𝑛 ≥ max(𝑟1, 𝑟2):

Claim C.2. ⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟1
𝛿𝑚 |𝐽0,𝑚⟩ ⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟2

𝛿𝑚 |𝐽0,𝑚⟩ = 𝑝𝑜𝑙𝑦(𝑟1 + 𝑟2,𝑚) where 𝑝𝑜𝑙𝑦(𝑟,𝑚) denotes
a general polynomial of degree 𝑟 in variable 𝑚 and 𝑌 matrix elements are as defined in [27, TABLE V].

We note some other results required to prove the stated claim. The matrix elements of 𝑌 can be written as a
product of Clebsch-Gordan(CG) coefficients

⟨𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟
𝛿𝑚 |𝐽0,𝑚⟩ =

√︁
(2𝑟+1)(2𝐽0+1)

4𝜋(2𝐽+1) 𝐶𝐽,𝑚+𝛿𝑚
𝑟,𝛿𝑚;𝐽0,𝑚

𝐶𝐽,0
𝑟,0;𝐽0,0

∝ 𝐶𝐽,𝑚+𝛿𝑚
𝐽0,𝑚;𝑟,𝛿𝑚 (C21)

where the 𝑚 dependence lies entirely in one CG coefficient.

Observation C.3. For integer or half integer 𝐽0, all Clebsch-Gordan coefficients of the form 𝐶𝐽,𝑚±𝑟
𝐽0,𝑚;𝑟,±𝑟 and 𝐶𝐽±𝑟,𝑚+𝛿𝑚

𝐽0,𝑚;𝑟,𝛿𝑚

are square roots of real polynomials of degree 2𝑟 in 𝑚.

This observation is verified simply by looking at the expressions for the mentioned CG coefficients [40, Chapter 8].

Theorem C.4. For 𝑟 ≥ |𝛿𝑚|, 𝐶𝐽,𝑚+𝛿𝑚
𝑟,𝛿𝑚;𝐽0,𝑚

= 𝑝𝑜𝑙𝑦(𝑚, 𝑟 − |𝛿𝑚|)𝐶𝐽,𝑚+𝛿𝑚
|𝛿𝑚|,𝛿𝑚;𝐽0,𝑚

.

Proof. Note the identity involving Clebsch-Gordan coefficients (8.6.5 [40])

𝐶𝐽,𝑚+𝛿𝑚
𝐽0,𝑚;𝑟,𝛿𝑚 =

[︁
2𝑚+ 𝛿𝑚

𝑟(𝑟+1){𝑟(𝑟 + 1) + 𝐽0(𝐽0 + 1)− 𝐽(𝐽 + 1)}
]︁−1

[︂
1

𝑟(2𝑟+1)

{︀(︀
𝑟2 − 𝛿𝑚2

)︀
(−𝑟 + 𝐽0 + 𝐽 + 1)(𝑟 − 𝐽0 + 𝐽)(𝑟 + 𝐽0 − 𝐽)(𝑟 + 𝐽0 + 𝐽 + 1)

}︀ 1
2 𝐶𝐽,𝑚+𝛿𝑚

𝐽0,𝑚;𝑟−1,𝛿𝑚 +

1
(𝑟+1)(2𝑟+1)

{︀[︀
(𝑟 + 1)2 − 𝛿𝑚2

]︀
(−𝑟 + 𝐽0 + 𝐽)(𝑟 − 𝐽0 + 𝐽 + 1)(𝑟 + 𝐽0 − 𝐽 + 1)(𝑟 + 𝐽0 + 𝐽 + 2)

}︀ 1
2

𝐶𝐽,𝑚+𝛿𝑚
𝐽0,𝑚;𝑟+1,𝛿𝑚

]︂
. (C22)

For the sake of clarity, we substitute 𝐶𝐽,𝑚+𝛿𝑚
𝐽0,𝑚;𝑟,𝛿𝑚 with 𝐶𝑟(𝑚) to label the rank 𝑟 symbol as a function of 𝑚. Then,

𝐶𝑟(𝑚) = 𝑝𝑜𝑙𝑦1(𝑚, 1)𝐶𝑟−1(𝑚) + 𝑝𝑜𝑙𝑦2(𝑚, 0)𝐶𝑟−2. (C23)

We also observe that for every 𝑝𝑜𝑙𝑦1, 𝑝𝑜𝑙𝑦2, the product of the two is some 𝑝𝑜𝑙𝑦3 such that 𝑝𝑜𝑙𝑦1(𝑚, 𝑎)𝑝𝑜𝑙𝑦2(𝑚, 𝑏) =
𝑝𝑜𝑙𝑦3(𝑚, 𝑎 + 𝑏). Using these relations, we inductively prove our theorem. The statement to prove is that for every
𝑟 ≥ |𝛿𝑚|, 𝐶𝑟(𝑚) = 𝑝𝑜𝑙𝑦(𝑚, 𝑟 − |𝛿𝑚|)𝐶|𝛿𝑚|(𝑚) .
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Base case: 𝐶|𝛿𝑚| = 𝐶|𝛿𝑚|(𝑚) = 𝑝𝑜𝑙𝑦(𝑚, 0)𝐶|𝛿𝑚| and 𝐶|𝛿𝑚|+1(𝑚) = 𝑝𝑜𝑙𝑦(𝑚, 1)𝐶|𝛿𝑚|(𝑚) using Eq. (C23).
Inductive step: Assume that 𝐶𝑟−1(𝑚) = 𝑝𝑜𝑙𝑦1(𝑚, 𝑟 − 1 − |𝛿𝑚|)𝐶|𝛿𝑚|(𝑚) and 𝐶𝑟−2(𝑚) = 𝑝𝑜𝑙𝑦2(𝑚, 𝑟 − 2 −

|𝛿𝑚|)𝐶|𝛿𝑚|(𝑚), then

𝐶𝑟(𝑚) = ˜𝑝𝑜𝑙𝑦1(𝑚, 1)𝐶𝑟−1(𝑚) + ˜𝑝𝑜𝑙𝑦2(𝑚, 0)𝐶𝑟−2(𝑚)

=
(︁

˜𝑝𝑜𝑙𝑦1(𝑚, 1)𝑝𝑜𝑙𝑦1(𝑚, 𝑟 − 1− |𝛿𝑚|) + ˜𝑝𝑜𝑙𝑦2(𝑚, 0)𝑝𝑜𝑙𝑦2(𝑚, 𝑟 − 2− |𝛿𝑚|)
)︁
𝐶|𝛿𝑚|(𝑚)

= 𝑝𝑜𝑙𝑦(𝑚, 𝑟 − |𝛿𝑚|)𝐶|𝛿𝑚|(𝑚). (C24)

Combining the base case and the inductive step, the statement is proved to hold for 𝑟 ≥ |𝛿𝑚|.

Theorem C.5. All Clebsch-Gordan coefficients 𝐶𝐽,𝑚+𝛿𝑚
𝑟,𝛿𝑚;𝐽0,𝑚

can be formulated as square roots of real polynomials of
degree 2𝑟 in 𝑚.

Proof. For clarity, we will denote by 𝐶𝛿𝐽,𝛿𝑚
𝑟 (𝑚) the Clebsch-Gordan coefficient 𝐶𝐽0+𝛿𝐽,𝑚+𝛿𝑚

𝐽0,𝑚;𝑟,𝛿𝑚 as a function of 𝑚. The
theorem can be proved by induction. The statement to prove for all CG coefficients is 𝐶𝛿𝐽,𝛿𝑚

𝑟 (𝑚) =
√︀
𝑝𝑜𝑙𝑦(𝑚, 2𝑟).

Base case: 𝐶𝛿𝐽=0,𝛿𝑚=0
0 (𝑚) =

√︀
𝑝𝑜𝑙𝑦(𝑚, 0) by observation C.3.

Inductive step: Assume that 𝐶𝛿𝐽,𝛿𝑚
𝑘 (𝑚) =

√︀
𝑝𝑜𝑙𝑦(𝑚, 2𝑘)∀ |𝛿𝐽 |, |𝛿𝑚|≤ 𝑘 ∀ 𝑘 upto 𝑟 − 1. First, consider the coef-

ficients 𝐶𝛿𝐽=±𝑟,𝛿𝑚
𝑟 (𝑚) and 𝐶𝛿𝐽,𝛿𝑚=±𝑟

𝑟 (𝑚). These satisfy the statement by use of Observation C.3. Next, consider
all other coefficients 𝐶𝛿𝐽,𝛿𝑚

𝑟 (𝑚) such that 𝛿𝐽 ̸= ±𝑟, 𝛿𝑚 ̸= ±𝑟. Then using Theorem C.4 and Observation C.3, these
satisfy

𝐶𝛿𝐽,𝛿𝑚
𝑟 (𝑚) =

√︀
𝑝𝑜𝑙𝑦(𝑚, 2𝑟 − 2|𝛿𝑚|)𝐶𝛿𝐽,𝛿𝑚

|𝛿𝑚|

=
√︀
𝑝𝑜𝑙𝑦(𝑚, 2𝑟). (C25)

Combining the base case and the inductive step, the statement is proved to hold for all CG coefficients.

We are finally ready to prove claim C.2.

Proof. With the use the stated theorems, the product of the 𝑌 matrix elements in claim C.2 simplifies as

⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟1
𝛿𝑚 |𝐽0,𝑚⟩ ⟨𝐽0 + 𝛿𝐽,𝑚+ 𝛿𝑚|𝑌 𝑟2

𝛿𝑚 |𝐽0,𝑚⟩ = 𝑝𝑜𝑙𝑦1(𝑚, 𝑟1 − |𝛿𝑚|)
× 𝑝𝑜𝑙𝑦2(𝑚, 𝑟2 − |𝛿𝑚|)

×
(︁√︀

𝑝𝑜𝑙𝑦3(𝑚, 2𝛿𝑚)
)︁2

= 𝑝𝑜𝑙𝑦(𝑚, 𝑟1 + 𝑟2). (C26)

APPENDIX D: Binomial-like Æ codes

Here, we show that the codestates of Eq. (10) protect against dephasing errors upto order 𝑛. It is sufficient to show
⟨0̄| �̂�𝑟 |0̄⟩ − ⟨1̄| �̂�𝑟 |1̄⟩ = 0∀ 0 ≤ 𝑟 ≤ 2𝑛:

⟨0̄| �̂�𝑘 |0̄⟩ − ⟨1̄| �̂�𝑘 |1̄⟩ =

2𝑛+1∑︁
even 𝑘=0

(︂
2𝑛+ 1

𝑘

)︂
[−𝑚0 + 𝑘(2𝑛+ 1)]

𝑟 −
2𝑛+1∑︁

odd 𝑘=0

(︂
2𝑛+ 1

𝑘

)︂
[−𝑚0 + 𝑘(2𝑛+ 1)]

𝑟

=

2𝑛+1∑︁
𝑘=0

(︂
2𝑛+ 1

𝑘

)︂
(−1)𝑘 [−𝑚0 + 𝑘(2𝑛+ 1)]

𝑟

=

𝑟∑︁
𝑙=0

(︂
𝑟

𝑙

)︂
(−𝑚0)

𝑟−𝑙(2𝑛+ 1)𝑙

{︃
2𝑛+1∑︁
𝑘=0

(︂
2𝑛+ 1

𝑘

)︂
(−1)𝑘𝑘𝑙

}︃
(D27)

where it is a well known binomial identity that the sum in the curly braces is zero ∀ 0 ≤ 𝑙 ≤ 2𝑛 i.e. ∀ 0 ≤ 𝑟 ≤ 2𝑛, the
entire sum vanishes.
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