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We present a multitimescale quantum averaging theory (QAT), a unitarity-preserving generalized Floquet
framework for analytically modeling periodically and almost periodically driven quantum systems across
multiple timescales. By integrating the Magnus expansion with the method of averaging on multiple scales,
QAT captures the effects of both far-detuned and near-resonant interactions on system dynamics. The framework
yields an effective Hamiltonian description while retaining fast oscillatory effects within a separate dynamical
phase operator, ensuring accuracy across a wide range of driving regimes. We demonstrate the rapid convergence
of QAT results toward exact numerical solutions in both detuning regimes for touchstone problems in quantum
information science.
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I. INTRODUCTION

Driven quantum systems, characterized by interactions
with time-dependent external fields, are central to both fun-
damental physics and advancements in quantum technologies.
These systems often exhibit multitimescale dynamics, where
slowly varying interactions are modulated by fast oscillatory
effects, challenging standard analytic and numerical model-
ing techniques. In the treatment of simple systems where
long-time dynamics are easily distinguishable from transient
effects, fast timescale interactions are often averaged out.
However, capturing how these interactions modulate slower
effective dynamics in complex physical systems requires care-
ful modeling to produce accurate analytic results.

The construction of effective Hamiltonians that capture the
slowly varying dynamics has emerged as a powerful tool for
simplifying complex dynamics and providing intuition for the
long-time behavior. Traditional methods, such as the rotating-
wave approximation (RWA) [1,2] and adiabatic elimination
[1,3,4], rely on heuristic arguments, limiting their potential
for systematic improvements in accuracy. More rigorous ap-
proaches, such as the Schrieffer-Wolff expansion [5] and
projector-based techniques [4,6], address these limitations by
isolating relevant subspaces while suppressing nonresonant
interactions. James et al. [7] proposed a low-pass filter tech-
nique to eliminate high-frequency contributions in a Dyson
expansion, providing an approximately Hermitian framework.
While insightful, these methods often struggle to capture
the full influence of fast-varying interactions on long-term
dynamics, leaving critical gaps in understanding. Quantum
resonance theory, as outlined by Frasca [8,9], offers a robust
foundation leveraging multitimescale perturbative analysis.
However, it lacks generality and does not produce an effective
Hamiltonian, limiting its practical applicability. Furthermore,
these methods share a critical drawback: they are only approx-
imately unitary for sufficiently small perturbations, leading to

nonunitary artifacts in the results [10]. Further, their scala-
bility to higher-order corrections is limited, which can make
the process of achieving systematic improvements in accuracy
both tedious and impractical.

In contrast, the Magnus expansion preserves unitarity
[10,11] and offers a versatile Lie-algebraic framework for
generating effective Hamiltonians utilized in Floquet-Magnus
theory [12,13], average Hamiltonian theory [14], and Van
Vleck perturbation theory [15–18]. These high-frequency ex-
pansions are applied to great effect in the field of Floquet
engineering [16,17,19] to tailor time-periodic interactions to
simulate and probe quantum systems with novel properties.
This has led to the experimental realization of dynamical lo-
calization [20], synthetic magnetic fields [21–23], topological
systems [24,25], and to the anomalous and fractional quantum
Hall effects [26–28]. However, these high-frequency expan-
sions are typically limited to periodic systems and falter when
applied to incommensurate frequencies or multitimescale phe-
nomena. Consequently, addressing the unitary dynamics of
driven systems across disparate timescales remains an open
problem.

To resolve these challenges, we present a quantum aver-
aging theory (QAT) framework that integrates the unitarity-
preserving Magnus expansion with the method of averaging
on multiple timescales. The method of averaging (MA), orig-
inally developed in 19th century celestial mechanics [29] to
study nonlinear dynamical systems, identifies time-averaged
dynamics by systematically eliminating high-frequency per-
turbations [30,31]. Its extension to Hilbert spaces, pioneered
by Buitelaar [32] and Scherer [33], provided the founda-
tion for applying averaging techniques to quantum systems,
forming the basis of our approach. For systems that evolve
with both short- and long-time effects, a multitimescale anal-
ysis (MTSA) is employed to regularize the dynamics and
enable a valid long-time expansion [34]. Building on these ad-
vancements, quantum averaging theory unifies Magnus-based
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high-frequency expansions, systematizes multitimescale anal-
ysis, and establishes a cohesive, unitarity-preserving frame-
work for theoretical and experimental progress.

Quantum averaging theory addresses multitimescale dy-
namics by factorizing the unitary evolution into a fast and
slow propagator. The slow propagator is governed by a Her-
mitian effective Hamiltonian derived from an effective (i.e.,
renormalization group) equation, while the fast oscillatory
effects are retained in a separate dynamical phase operator.
This phase operator ensures unitarity and plays a role analo-
gous to the micromotion operator in Floquet-Magnus theory
[12]. QAT operates in two distinct regimes: far-detuned in-
teractions and multitimescale interactions, determined by the
relative strength of the perturbation amplitude to the drive
frequencies. In the far-detuned regime, the method of averag-
ing generalizes the principles of well-known Magnus-based
time-periodic expansions [12,15–17] to systems with almost-
periodic, multimodal drives [35,36]. In the multitimescale
regime, QAT reproduces first-order approximations from es-
tablished techniques, such as the rotating-wave approximation
and adiabatic elimination, but systematically extends beyond
them, enabling higher-order corrections in a unitary and ana-
lytically controlled manner. Although the examples explored
in this work are motivated by quantum optics, the QAT frame-
work is generally applicable to any driven quantum system
with multiple timescales, including systems in condensed
matter, atomic physics, or engineered quantum platforms.

II. THE QUANTUM PERTURBATION PROBLEM

Consider a weakly perturbed and unitary (i.e., reversible)
quantum system described by the state vector

|ψ (s, s0)〉 = ÛS(s, s0) |ψ (s0)〉 (1)

or, more generally, by the density matrix

ρ̂(s, s0) = ÛS(s, s0)ρ̂(s0)Û †
S (s, s0), (2)

where s ∝ t is a scaled, dimensionless time variable. The
system evolves under the unitary time-evolution operator (or
propagator) in the Schrödinger picture ÛS(s, s0) governed by
the total Hamiltonian

ĤS(s; λ) = Ĥ0(s) + V̂ (s; λ), (3)

where Ĥ0(s) is a solvable, “unperturbed” Hamiltonian and
V̂ (s; λ) =∑∞

n=1 λnV̂ (n)(s) is a bounded perturbation with 0 �
λ < 1 [2]. The choice of unperturbed Hamiltonian is flexible
and typically field-dependent.

We assume s to be the time t scaled by the characteristic
frequency of the unperturbed Hamiltonian, ω0 ∼ ‖Ĥ0(t )‖/h̄,
where the relevant energy scale for arbitrary Ĥ0 is given by its
spectral norm ‖Ĥ0‖ (i.e., the largest singular value). For ex-
ample, in a two-level system (2LS) with Ĥ0(t )/h̄ = ωegσ̂z/2,
one could choose s = ωegt resulting in ĤS(s)

.= ĤS(t =
s/ωeg)/h̄ωeg with Ĥ0(s) = σ̂z/2 and λ ∼ ‖V̂ (t )‖/h̄ωeg.

We will find it useful to work instead with the s0-invariant
propagator solution ÛS(s) related to the time-centered propa-
gator in (1) by

ÛS(s, s0) = ÛS(s)Û †
S (s0), (4)

where ÛS(s0, s0) = ÛS(s0)Û †
S (s0) = 1. We require that as

λ → 0, the propagator reduces to Û0(s) governed by Ĥ0(s).
Following standard perturbative treatment [2], we factorize
the total propagator as1

ÛS(s; λ) = Û0(s) ÛI (s; λ), (5)

where the interaction propagator ÛI (s; λ) is governed by the
interaction Hamiltonian

ĤI (s; λ) =
∞∑

n=1

λnĤ (n)
I (s), (6a)

Ĥ (n)
I (s) = Û †

0 (s)V̂ (n)(s)Û0(s) (6b)

and satisfies the interaction-picture Schrödinger equation

i ∂sÛI (s; λ) = ĤI (s; λ) ÛI (s; λ), (7)

which remains to be solved. In the following treatment, we
assume that ĤI (s) is reasonably well-behaved as to be ex-
panded in an almost-periodic Fourier series. We define the
“frequency vector” �� = (�ω1, . . . , �ωq ) > 0 from the set of
unique Fourier frequencies of ĤI (s) such that ĤI (s; λ) ≡
ĤI ( ��s; λ), which is 2π -periodic with respect to each Fourier
generalized phase �ks for �k ∈ ��. Without loss of generality,
the interaction Hamiltonian may be expanded in terms of the
Fourier modes as

Ĥ (n)
I (s) = Ĥ (n)

I,0 +
∑

�ωk ∈ ��

(
ĥ(n)

I,k e−is�ωk + H.c.
)

(8)

where ĥ(n)
I,k is the mode operator associated with the (dimen-

sionless) Fourier base frequency �ωk

.= ωk/ω0 > 0. Assum-
ing all Fourier modes interact, the discrete frequency spectrum
generated by ĤI (s; λ) contains the base frequencies and their
sum and difference combinations.

To approximate the dynamics, one may turn to stan-
dard time-dependent perturbation theory, seeking a solution
through a Dyson series expansion in λ,

ÛI (s; λ) = 1 +
∞∑

n=1

λn Û (n)
I (s), (9)

or with the increasingly popular Magnus expansion [11]

ÛI (s; λ) = e−i
̂I (s;λ), 
̂I (s; λ) =
∞∑

n=1

λn
̂
(n)
I (s) (10)

depending on a (Hermitian) dynamical phase operator

̂I (s; λ) as detailed in Ref. [10] and references therein. The
algebraic Dyson expansion has been shown to have a number
of qualitative drawbacks for describing quantum dynamics
[10,12,17]; chiefly, the transformation is only unitary in the
infinite resummation of the asymptotic series. Therefore,
truncated at some finite order, one yields an asymptotic ap-
proximation, with unitarity only preserved in the Magnus

1The factorized solution from the variation of constants is guaran-
teed by the condition that the propagator Û0(s) be uniformly bounded
[32].
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approach. For these reasons, the Magnus expansion will serve
as the foundation of our perturbative analysis.

In any case, whether unitarity is preserved or not, regular
perturbation theory is generally only valid at short-times and
when the system is driven far from resonance. To illustrate this
point, consider the first-order Magnus expansion result:


̂
(1)
I (s) =

∫ s

ds′ Ĥ (1)
I (s′)

= Ĥ (1)
I,0 s +

∑
�ωk ∈ ��

(
e−is�ωk

−i�ωk

ĥ(1)
I,k + H.c.

)
. (11)

We identify two concerns that limit the asymptotic validity for
modeling the long-time behavior of driven quantum systems.
The first is the secular term Ĥ (1)

I,0 s that diverges as s → ∞,
which leads to an asymptotic breakdown when λs � 1. This
term limits the accuracy of the approximation to a short dura-
tion s � O(1/λ). The second is from the time-harmonic terms
where any near-resonant frequency �ωk � λ produces the in-
famous small denominator problem which breaks asymptotic
validity [37]. Even when validity holds at first order, the same
concerns repeat at the next and so on.

To address these issues, we apply the method of averaging
(MA) on Hilbert spaces, a nonsecular perturbative approach
used in the study of nonlinear dynamical systems over long
times [32,33,37]. Rather than directly expanding ÛI (s; λ),
the basic idea is that the relevant, long-time dynamics are
adequately described by an effective propagator ÛI,eff (s; λ),
which satisfies the time-averaged, effective interaction picture
equation

i
d

ds
ÛI,eff (s; λ) = ĤI,eff (s; λ)ÛI,eff (s; λ) (12)

governed by a coarse-grained effective Hamiltonian

ĤI,eff (s; λ) =
∞∑

k=1

λk Ĥ (k)
I,eff (s). (13)

The effective Hamiltonian, unknown a priori, is expected to
describe the slowly varying s � O(1/λ) dynamics of ĤI (s; λ),
insensitive to fast-varying details. To see this more clearly,
if we introduce another rescaled time variable τ = λs, the
effective equation becomes

i
d

dτ
ÛI,eff (τ ) = (Ĥ (1)

I,eff (τ ) + Ĥ ′
I,eff (τ ; λ)

)
ÛI,eff (τ ), (14)

where Ĥ ′
I,eff (τ ; λ) =∑k�1 λkĤ (k+1)

I,eff (τ ), yielding a perturba-
tion problem for the slow τ -time dynamics. The exact (or
perturbative) solution to the effective equation is valid at least
on times 0 � τ � 1 [37], surpassing the expected short-time
s � O(1/λ) accuracy from regular perturbation theory as de-
sired. Moreover, due to its slowly varying time-dependence,
we will find that solving the effective equation for Ûeff (s; λ) is
often simpler, both analytically and numerically, than Eq. (7).

To maintain an exact expansion, we seek a unitary trans-
formation between (7) and (12) in the QAT factorized form

ÛI (s; λ) = Ûfast (s; λ) Ûeff (s; λ) (15)

where the fast-varying propagator Ûfast (s; λ) modulates the
slowly varying envelope generated by Ûeff (s; λ). Hence, the
aim is to iteratively construct an effective Hamiltonian that
(i) regularizes the perturbative expansion of ÛI (s; λ), and
(ii) provides a useful description of the long-time dynamics.
The process will ensure that (15) embodies the full interaction
picture dynamics up to some finite order.

Before proceeding, we provide a brief overview of the main
result of this paper. For a multimodal interaction Hamiltonian
described by Eq. (6), we separate Ĥ (n)

I in terms of resonant
(with subscript 0), fast (>), and slow (<) Fourier modes set by
a high-frequency cutoff �c satisfying λ � �c � 1. Assuming
Ûfast (s; λ) = exp ( − i
̂(s; λ)), we have the second-order QAT
results

Ĥ [2]
eff (s; λ) =

2∑
n=1

λn
(
Ĥ (n)

I,0 + Ĥ (n)
I,<(s)

)

− λ2
∑

�ωk >�c

|�ωk −�ω j |��c

(
e−is(�ωk −�ω j )

2�ωk

[ĥI,k, ĥ†
I, j] − H.c.

)

(16)

and


̂[1](s; λ) = λ

∫ s

ds′Ĥ (1)
I,>(s)

= λ
∑

�ωk >�c

(
e−is�ωk

−i�ωk

ĥI,k + H.c.

)
(17)

such that Û [2]
I (s; λ) = exp ( − i
̂[1](s; λ))Û [2]

eff (s; λ) approxi-
mates the exact solution with bounded error O(λ2) at least
over a time s − s0 ∼ O(1/λ).

To arrive at this result, this paper is organized as follows.
Section III develops the theoretical QAT framework as ap-
plied to far-detuned systems, focusing on the integration of
the unitarity-preserving Magnus expansion and the method of
averaging on Hilbert spaces. The QAT framework yields an
algorithmic procedure for generating 
̂(n)(s) and Ĥ (n)

eff (s) to
arbitrary nth order. A discussion on error bounds and compari-
son to related Floquet-based methods is provided in Sec. III A.
Section IV extends QAT to multitimescale systems using two
separate approaches, which are then shown to be equivalent:
a two-timescale derivative expansion [8,9,34] in Sec. IV A
and a partitioned expansion by timescale separation (PETS)
approach in Sec. IV B. The latter yields the second-order
results presented above and is applied to study entangling
gate performance in the companion paper [38]. Finally, Sec. V
concludes with a summary of the key findings and prospects
for future work.

III. QUANTUM AVERAGING FOR FAR-DETUNED
INTERACTIONS

In far-detuned systems ( �� 
 λ), higher-order interac-
tions often produce near-resonant beat notes, which ter-
minate perturbative expansions through small denominator
terms. Valid all-order expansions exist only for time-periodic
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systems ĤI (s) = ĤI (s + T ) with periods T < 2π/λ and a
single drive frequency �ω or harmonics n�ω ∈ �� ∀ n ∈ N
[12,17]. Nonetheless, this section models far-detuned inter-
actions under conditions where the approximation holds.
Extensions to near-resonant interactions using multitimescale
techniques are discussed in Sec. IV.

The standard MA formalism expands the fast propagator
using a Dyson series (see [33] and [38], Appendix D). The al-
gebraic Dyson expansion, however, has numerous drawbacks
for describing quantum dynamics (see [10] and references
therein); chiefly, the transformation is only unitary in the
infinite resummation of the Dyson series. Following unitary
averaging frameworks [12,17,35], we adopt a Lie theory of
MA [33,39,40] with the symmetry-preserving exponential Lie
transformation

Ûfast (s; λ) = e−i
̂(s;λ), 
̂(s; λ) =
∞∑

k=1

λk
̂(k)(s) (18)

depending on a (Hermitian) dynamical phase operator

̂(s; λ), which preserves unitarity upon truncation and has the
simple inverse property (e−i
̂)−1 = ei
̂.2 Setting 
̂(0) = 0 en-
sures limλ→0 ÛI (s; λ) = 1 in the absence of the perturbation.

While inserting (18) into (7) yields a complex nonlinear
differential equation (see Appendix A), the group-preserving
Lie approach balances complexity with computational effi-
ciency and enhanced predictability via the Magnus expansion
[10,11]. To systematically solve the effective interaction pic-
ture, we use an iterative Picard scheme, which generates the
QAT homological equation

d

ds

̂(n)(s) = Ĥ

(n)

 (s) − Ĥ (n)

I,eff , n � 1, (19)

where the auxiliary Hamiltonian operator is defined as

Ĥ
(n)

 = Ĥ (n)

I +
n−1∑
k=1

Bk

k!

(
(−)k Ŝ(n)

k − T̂ (n)
k

)
, (20)

where Bk are the Bernoulli numbers. The operators Ŝk and T̂k

are generated by the recurrence relations

Ŝ(n)
0 = Ĥ (n)

I , T̂ (n)
0 = Ĥ (n)

I,eff , (21a)

Â(n)
k =

n−k∑
m=1

[
i
̂(m), Â(n−m)

k−1

]
, 1 � k � n − 1 (21b)

with Â replaced by Ŝ or T̂ with explicit time-dependence omit-
ted and the adjoint action adX̂ (Ŷ ) = [X̂ , Ŷ ] and ad(k)

X̂
(Ŷ ) =

[X̂ , ad(k−1)
X̂

(Ŷ )] for integer k � 2.

The auxiliary operator, Ĥ
(n)

 (s), is introduced to subsume

all combinations of Ĥ (k)
I , 
̂(k), and Ĥ (k)

I,eff for 1 � k � n − 1
in a convenient form with the first three terms provided in
Table I. The recurrence relation provides a straightforward
implementation in a symbolic solver package that reduces
computation time by recycling previously calculated terms.

2The dynamical phase operator is also referred to as a Magnus
exponent or micromotion operator in the literature.

TABLE I. QAT auxiliary Hamiltonian at different orders.

Order Definition

n = 1, Ĥ
(1)

 (s) = Ĥ (1)

I (s)

n = 2, Ĥ
(2)

 (s) = Ĥ (2)

I (s) + 1
2 [i
̂(1)(s), Ĥ (1)

I (s) + Ĥ (1)
I,eff ]

n = 3, Ĥ
(3)

 (s) = Ĥ (3)

I + 1
2 ([i
̂(2), Ĥ (1)

I + Ĥ (1)
I,eff ]

+ [i
̂(1), Ĥ (2)
I + Ĥ (2)

I,eff ])

− 1
12 ([i
̂(1), [i
̂(1), Ĥ (1)

I,eff − Ĥ (1)
I ]])

The effective Hamiltonian, unknown a priori, remains flex-
ible but must regularize the homological equation to avoid
secular growth. From the method of averaging, we introduce
the simple time-averaging procedure

〈〈Â(n)〉〉s = lim
T →∞

1

T

∫ T +s0

s0

Â(n)(s) ds, (22)

which is valid only if the limit uniformly exist independent of
the choice of s0 and additional parameters. Then Eq. (19) is
regularized by systematically requiring

〈〈
̂(n)(s)〉〉s = 0, (23)

which is satisfied by the time-independent effective Hamilto-
nian

Ĥ (n)
I,eff = 〈〈Ĥ(n)


 (s)
〉〉

s (24)

that removes the appearance of false secular terms from reso-
nant interactions and ensuring the dynamical phase remains
bounded.3 Less obvious is that the regularization condition
requires that 〈〈ÛI (s; λ)〉〉s = Ûeff (s; λ). Finally, solving the ho-
mological equation yields


̂(n)(s) =
∫ s

ds′
(
Ĥ

(n)

 (s′) − Ĥ (n)

I,eff

)
, (25)

where the indefinite integral enforces a uniqueness rule for the
iterative Picard sequence and ensures the expansion is mani-
festly gauge invariant. Enforcing a uniqueness rule amounts
to appropriately choosing the integration constant in a manner
that can be systematically applied to all orders. We use the
Van Vleck gauge defined as the integration constant set to
zero, which is to be assumed when not explicitly stated. The
choice may limit the possible transformations guided by 
̂,
but ensures a unique asymptotic expansion (up to a gauge
transformation). For example, a definite integral with a lower
integration bound s′ = s0 corresponds to the Magnus gauge, a
non-gauge invariant uniqueness rule with integration constant
−
̂(n)(s0) that instead satisfies ∂s〈〈
̂(n)(s)〉〉s = 0.

The exponential Lie approach simplifies quantum averag-
ing by framing slow effective dynamics as riding in phase with
fast-varying effects, akin to surfing atop ocean waves. From
the point of view of the renormalization-group (RG) method
[9,41,42], Ĥ (n)

I,eff is regarded as a regularization parameter that

3Recall from (11) that the appearance of secular terms with un-
bounded growth as s → ∞ leads to a breakdown of the asymptotic
analysis for long-time dynamics.
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ALGORITHM 1. QAT Procedure.

Let n = 1
while n � N do

Compute Ŝ(n)
k and T̂ (n)

k for 1 � k � n − 1;

Compute Ĥ
(n)

 (s) from {Ŝ(n)

k , T̂ (n)
k }n−1

k=1;
Apply the regularization condition

〈〈Ĥ(n)

 (s)〉〉s = Ĥ (n)

I,eff

if n � N − 1 then

Integrate ∂s
̂
(n)(s) = Ĥ

(n)

 (s) − Ĥ (n)

I,eff ;
end

end

allows us to renormalize the Magnus expansion. Moreover,
the effective interaction picture equation that describes the
slowly varying dynamics generated by ĤI,eff (λ) is simply the
RG equation. Therefore, QAT returns a renormalized Mag-
nus expansion for the interaction propagator, factorized into
the non-secular unitary fast propagator characterizing only
fast-varying dynamics modulating the effective propagator
solution to the RG equation [43].

To implement QAT, we approximate (15) using Al-
gorithm 1, which systematically calculates the effective
Hamiltonian and dynamical phase operator to the desired or-
der of precision. Arriving at the desired order, one has the
following asymptotic approximations:

Ĥ [N]
I,eff (λ) =

N∑
n=1

λn Ĥ (n)
I,eff , (26a)


̂[N−1](s; λ) =
N−1∑
n=1

λn 
̂(n)(s), (26b)

where square brackets indicate the truncation order (note the
N th dynamical phase contribution is not strictly necessary).
With (12) solved for ĤI,eff � Ĥ [N]

I,eff , then ÛI (s; λ) is approxi-
mated by the truncated QAT solution

Û [N]
I (s; λ) = Û [N−1]

fast (s; λ)Û [N]
eff (τ ; λ)

∣∣
τ=λs, (27)

where

Û [N−1]
fast (s; λ) = exp[−i
̂[N−1](s; λ)], (28a)

Û [N]
eff (τ ; λ) = exp

(
−i

N−1∑
n=0

λnĤ (n+1)
I,eff τ

)
, (28b)

where τ = λt is the previously introduced slow timescale
and the method is complete. Note that (12) can also be ap-
proximated with time-independent perturbation theory up to
O(λN ) and is easily solved numerically. We remark that the
far-detuned QAT results can be equivalently obtained with
prior quantum averaging methods [12,33,35,44]. However,
the explicit connection to the method of averaging allows
us to generalize the result to almost-periodic systems, distin-
guish previous Magnus-type methods based on the choice of
uniqueness rule, and facilitate a multitimescale treatment in
Sec. IV.

A. On validity, error bounds, and related time-averaged
high-frequency expansions

Despite extensive research on quantum averaging and ef-
fective Hamiltonian theories, a review of validity conditions,
error bounds, and relation between Magnus-based Floquet
methods are believed to be a valuable contribution. Recent
findings [45,46] confirm the self-consistency of algebraic and
Lie-theoretic transformation approaches allowing us to recite
the following classical averaging results. A critical validity
condition is the uniform definition of time averaging yielding
Eqs. (23) and (24) and the absence of small denominator terms
[47]. For arbitrary bounded perturbations there is no guarantee
that the homological equation remains uniformly bounded to
all orders. The first-order approximation provides weak error
bounds for general bounded perturbations with a well-defined
time average: the approximate solution, Û [1]

I,eff (s; λ), to the
truncated time-averaged equation

d

ds
ÛI,eff (s; λ) = λ Ĥ (1)

I,eff ÛI,eff (s; λ) + O(λ2) (29)

with initial condition ÛI,eff (0) = ÛI (0) leads to the well-
known first-order averaging result

∥∥ÛI (s) − Û [1]
I,eff (s)

∥∥ =
{
O(λ) if almost-periodic
o(1) otherwise (30)

applicable for times s − s0 ∼ O(1/λ) [32,37,47]. However,
the QAT approximation is guaranteed to be valid to all orders
for periodic and almost-periodic Fourier systems [48,49] on
finite and infinite dimensional Hilbert spaces [32]. For these
systems, we have the following higher-order error bounds
[50]: for each consecutive Ĥ ( j)

I,eff = 0 for 0 � k < N , the ap-

proximate solution Û [N]
I in Eq. (27) is bounded near the exact

solution ÛI by∥∥ÛI (s; λ) − Û [N]
I (s; λ)

∥∥ = O(λN−k ) (31)

for a time Tλ = s − s0 ∼ O(1/λk+1) and λ sufficiently small
[hence the omission of 
̂(N ) in (26)]. Therefore, ÛI,eff must
start and remain near the true solution trajectory over the finite
timespan Tλ, which means ĤI,eff is guaranteed to describe the
slowly varying dynamics during that finite time [50]. These
bounds align with the sufficient condition for guaranteed con-
vergence of Magnus-type expansions for bounded operators
on Hilbert spaces, ∫ s

s0

‖ĤI (s′)‖2 ds′ < π, (32)

where ‖ · ‖2 = max|〈ψ |ψ〉|=1 ‖ · |ψ〉 ‖2 is the 2-norm [51].
In T -periodic systems, QAT aligns with Floquet’s theorem,

producing solutions in the form

ÛI (s)
.= Ûfast (s) e−iĤeff s, Ûfast (s) = Ûfast (s + T ), (33)

where Ĥeff is the time-independent and s0-invariant Floquet
Hamiltonian and Ûfast (s) is the T -periodic fast propagator
(also known as the “micromotion” operator) [12,18]. Periodic
QAT results, manifestly gauge invariant in the Van Vleck
gauge [16,17], contrast with the Floquet-Magnus expan-
sion, where gauge choices introduce s0-dependence [12,13].
The latter yields the time-centered propagator ÛI (s, s0) =
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Ûfast (s, s0) e−iĤFM
eff [s0](s−s0 ) for an s0-dependent Floquet-Magnus

effective Hamiltonian ĤFM
eff [s0]. The difference in these two

expansions can be attributed to the choice of the uniqueness
rule in (25) with the latter including the integration constant
dependent on s0. The gauge relation between the two expan-
sion can be expressed as

ĤFM
eff [s0] = Ûfast (s0)ĤeffÛ

†
fast (s0) (34)

and identifying Ûfast (s, s0) = Ûfast (s)Û †
fast (s0). In particular,

Ref. [17] shows that the spurious s0-dependence leads to in-
accurate predictions of the approximate quasienergy spectrum
of the Floquet Hamitlonian emphasizing the utility of the s0-
invariant Van Vleck gauge. As previously noted, the method
applies to almost-periodic operators until small denominator
terms appear, aligning with generalized Floquet-Magnus the-
ories for high-frequency perturbations [44,48,52]. Finally, the
QAT framework extends to bounded, quasiperiodic pulse se-
quences that admit a convergent infinite-dimensional Fourier
decomposition ĤI (s) =∑∞

k=−∞ ei�k s Ĥ (k)
I with dimension-

less frequency �k > 0 independent of λ, Ĥ (−k)
I = Ĥ (k) †

I and
�−k = −�k , and mean-free Ĥ (0)

I = 〈〈ĤI〉〉s [48]. In practice,
even unbounded ramps (e.g., in Landau-Zener-type protocols)
can be approximated as effectively bounded over finite dura-
tions, allowing their decomposition into a quasiperiodic series
for the relevant time window. As long as the driving field
admits a well-defined spectral separation between fast and
resonant modes, far-detuned QAT remains applicable. Hence,
far-detuned QAT is a generalized Floquet-Magnus theory for
high-frequency, almost-periodic perturbations.

Finally, while QAT may resemble regular perturbation
theory, it is fundamentally distinct. In perturbation theory,
the interaction picture propagator ÛI (s; λ) is asymptotically
expanded, directly solving for dynamics through typically
secular terms valid only for short times. In contrast, QAT
constructs a gauge transformation into the effective inter-
action picture, where ĤI,eff mitigates secular growth and
approximates the system’s qualitative long-time behavior. The
truncated form of Eq. (27) captures the dynamics of ĤI with-
out relying on regular perturbation theory. If Ĥ [N]

I,eff is not
explicitly solvable, perturbation theory may be employed as a
secondary step (see Appendix C). We now illustrate the QAT
expansion with the semiclassical Rabi problem, a paradig-
matic example of a periodically driven quantum system.

Example 1: The far-detuned Rabi problem

Consider a two-level system (2LS) that weakly interacts
with an applied AC electromagnetic field, periodically driven
at frequency ω [2]. When resonantly driven, the AC field
slowly induces population inversion between the ground and
the excited state, which can be mapped onto a basic log-
ical operation for quantum computation [53]. In particular,
there is an exact solution for the complex-valued perturbation
V̂ (t )/h̄ = �

2 (e−iωt σ̂+ + H.c.) suitable for comparing with the
performance of the QAT results. The total Hamiltonian in the
Schrödinger picture is given by

ĤS(t )/h̄ = ωeg

2
σ̂z + �

2
(e−iωt σ̂+ + H.c.), (35)

where h̄ωeg is the energy gap between the ground (|1〉) and
the excited (|0〉) state with the perturbation amplitude char-
acterized by the resonant Rabi frequency �. The states are
directly coupled by the perturbation with the raising operator
σ̂+ = |0〉 〈1| and lowering operator σ̂− = |1〉 〈0|. The total
Hamiltonian admits the closed-form solution (for t0 = 0)

Ûtotal(t ) = e−iĤ0t/h̄ e−i
σ̂zt/2 e−i (−
 σ̂z+� σ̂x )t/2, (36)

where the detuning parameter 
 = ω − ωeg determines the
resonance condition.

For the present purposes, we study the system weakly
driven far from resonance, setting the stage for the broader
discussion of the role of far-detuned and near-resonant in-
teractions within multitimescale dynamics in Sec. IV. The
perturbative regime is defined by the small parameter

λ = �/2

ωeg
� 1 (37)

following the usual quantum optics convention. Before pro-
ceeding, we place (35) in the dimensionless form of (3) with
the scaled time s = ωegt . Upon rescaling, we have Ĥ0 = σ̂z/2
and V̂ (s; λ) = λ(e−i�ωs σ̂+ + H.c.), where �ω = ω/ωeg.

Step 1: Interaction Picture. Expressing the perturbation
as V̂ (s; λ) = λ V̂ (1)(s) for V̂ (1)(s) = (e−i�ωs σ̂+ + H.c.), in the
interaction picture with respect to Ĥ0 we have ĤI (s; λ) =
λ Ĥ (1)

I (s), where

Ĥ (1)
I (s) = eiĤ0s V̂ (1)(s; λ) e−iĤ0s

= e−i�
s σ̂+ + H.c. (38)

with the (dimensionless) detuning �
 = 
/ωeg and |�
| 

λ. The interaction Hamiltonian is already in the Fourier form
of (8), thereby guaranteed to be compatible with the QAT
formalism.

Step 2: QAT Homological Equation. We proceed with
the QAT algorithm, repeated here for convenience: calcu-

late Ĥ
(n)

 (s) and Ĥ (n)

I,eff = 〈〈Ĥ(n)

 (s)〉〉s, then integrate (25) for


̂(n)(s). From Table I and Eq. (22) for n = 1 we have

Ĥ
(1)

̂ (s) = Ĥ (1)

I (s),

〈〈
Ĥ

(1)

 (s)

〉〉
s = lim

T →∞
1

T

∫ T

0
Ĥ (1)

I (s) ds = 0 (39)

leading to the first-order contribution

Ĥ (1)
I,eff = 〈〈

Ĥ
(1)

 (s)

〉〉
s = 0, (40a)


̂(1)(s) =
∫ s

ds′
(
Ĥ

(1)

̂ (s′) − Ĥ (1)

I,eff

)

= 1

−i�


exp(−i�
s) σ̂+ + H.c. (40b)

Repeating the process at next order returns

Ĥ (2)
I,eff = 〈〈

Ĥ
(2)

 (s)

〉〉
s = − 1

�


σ̂z, (41a)


̂(2)(s) =
∫ s

ds′
(
Ĥ

(2)

̂ (s′) − Ĥ (2)

I,eff

)
= 0, (41b)

which can easily be verified. Since Ĥ (2)
I,eff ∝ σ̂z is diagonal, the

effective interaction due to the far-detuned driving generates a
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shift in resonance frequency known as the Bloch-Siegert shift
in NMR spectroscopy and a light shift in quantum optics.

Step 3: The Effective Interaction Picture. Truncating the
iterative process at second-order yields

Ĥ [2]
I,eff (λ) =

2∑
j=1

λ j Ĥ ( j)
I,eff = λ2

(
− 1

�


σ̂z

)
(42)

governing the effective interaction picture equation for
ĤI,eff � Ĥ [2]

I,eff in (12). The truncated effective propagator is
trivially returned by

Û [2]
eff (s; λ) = exp

(−i Ĥ [2]
I,eff (λ) s

)
= cos(λ2s/�
)1 + i sin(λ2s/�
)σ̂z. (43)

Step 4: Approximate QAT Dynamics. Finally, from
Eq. (27), the interaction propagator is approximated by the
truncated unitary QAT result

Û [2]
I (s) = Û [1]

fast (s; λ)Û [2]
eff (s; λ)

= cos(λ/�
)ei λ2

�

σ̂zs

+ sin(λ/�
)(e−i�̃
sσ̂+ − H.c.), (44)

where �̃
 = �
 + λ2

�

and

Û [1]
fast (s; λ) = exp(−i
̂[1](s; λ))

= cos(λ/�
)1

+ sin(λ/�
)(e−i�
sσ̂+ − H.c.) (45)

with bounded error estimate O(λ) valid at least over a time s ∼
O(1/λ2) since Ĥ (1)

I,eff = 0. From these results, the approximate
quantum state in the interaction picture, initialized in |ψ0〉 at
time s = 0, is returned by∣∣ψ [2]

I (s, s0 = 0)
〉 = Û [2]

I (s)Û †[2]
I (s0) |ψ0〉

≡ Û [2]
I (s, s0)|ψ0〉, (46)

where Û [2]
I (s0, s0) = 1 as expected. While population is never

transferred in the effective interaction picture when initial-
ized in an eigenstate of σ̂z (i.e., |ψ0〉 = |0〉 or |1〉), that is
not the case when including the fast-varying effects carried
within the dynamical phase. The first-order dynamical phase
contribution weakly generates an off-resonant transition with
suppressed probability amplitude sin(λ/�
) ≈ λ/�
. Fig-
ure 1 shows that by including the fast dynamics captured
by the QAT framework we properly account for the non-
negligible, off-resonant population transfer that appears in the
numerical simulation.

The conditions for convergence of the effective Hamilto-
nian for the far-detuned Rabi model have been obtained by
Fel’dman [54] and Fernández [55] using average Hamilto-
nian theory. Here, repeating the recursive QAT algorithm ad
nauseam (see Table II), we find that the QAT expansion also
converges to the exact solution for λ < �
. The coefficient
of the 2kth-order effective Hamiltonian term is (−)k+1Ck ,
where Ck is the kth Catalan number. Since the generating func-
tion of the Catalan numbers is c(x) = (1 − √

1 − 4x)/(2x) =∑∞
k=0 Ckxk , we suspect by defining x = −y2 for y ≡ λ/�
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FIG. 1. Far-detuned Rabi oscillations. The system is initialized
in the ground state |g〉 and driven with a weak-field amplitude
λ = 0.5 × 10−5. For a valid high-frequency QAT expansion, the
detuning must satisfy |�
| > λ, with improved convergence when
λ/|�
| � 1. To illustrate this, we choose a moderately large ratio
λ/|�
| = 0.4. Second-order (blue) and fourth-order (red) QAT re-
sults are shown to match the envelope of the exact solution in the
upper plot, with the fourth-order expansion exhibiting strong agree-
ment over multiple cycles. The lower plot quantifies this behavior,
showing that the SU(2) average gate fidelity improves exponentially
with QAT order, by approximately three to four orders of magnitude.

and multiplying c(x) by −λy, we will get this expansion.
Indeed, we are looking at the series expansion of

ĤI,eff = −λ
1 −

√
1 + (2λ/�
)2

(2λ/�
)
σ̂z

= −
⎛
⎝�


2
±
√(

�


2

)2

+ λ2

⎞
⎠σ̂z

= − 1

2ωeg
(
 ±

√

2 + �2)σ̂z, (47)

where the upper (lower) sign is for negative (positive) 
.
The dynamical phase expansion coincides with the series

TABLE II. Far-detuned Rabi problem: Effective Hamiltonian
and dynamical phase contributions at different orders.

Ĥ (1)
I,eff = 0 
̂(1) = 1

�

(ie−i�
sσ̂+ + H.c.)

Ĥ (2)
I,eff = − 1

�

σ̂z 
̂(2) = 0

Ĥ (3)
I,eff = 0 
̂(3) = − 4

3
1

�3



(ie−i�
sσ̂+ + H.c.)

Ĥ (4)
I,eff = 1

�3



σ̂z 
̂(4) = 0

Ĥ (5)
I,eff = 0 
̂(5) = 16

5
1

�5



(ie−i�
sσ̂+ + H.c.)

Ĥ (6)
I,eff = − 2

�5



σ̂z 
̂(6) = 0

Ĥ (7)
I,eff = 0 
̂(7) = − 64

7
1

�7



(ie−i�
sσ̂+ + H.c.)

Ĥ (8)
I,eff = 5

�7



σ̂z 
̂(8) = 0
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coefficients of arctan(x) =∑∞
n=0

(−1)n

2n+1 x2n+1 yielding


̂(s; λ) = 1
2θ (λ)(i e−i�
sσ+ + H.c.) (48)

such that the fast propagator is

Ûfast (s; λ) = exp ( − i
̂(s; λ))

.=
(

cos (θ/2) e−i�
s sin (θ/2)
−ei�
s sin (θ/2) cos (θ/2)

)
, (49)

where

θ (λ) ≡ arctan (2λ/�
) = arctan (�/
) (50)

quantifies the strength of the perturbation over the principal
branch 0 � θ � π/2. The form of the fast propagator im-
plies that the effective dynamics are viewed from within a
stationary frame rotated θ

2 about the z-axis and precessing
periodically with frequency �
. Transforming the interaction
Hamiltonian in Eq. (38) with respect to the fast propagator
above returns a constant effective Hamiltonian in agreement
with (47) and the expansion terms in Table II. In Appendix B
we show that the QAT solution is equivalent to (36) up to
an irrelevant time-independent gauge transformation on the
system.

Example 2: Resonant two-photon Raman transition

Consider two far-detuned, monochromatic laser tones in-
teracting with a three-level system (3LS) where the qubit
states |1〉 and |2〉 are coupled via an intermediate state |r〉
[3,4]. The �-linkage pattern follows from two individually
addressed 2LS with a shared excited state. The (dimension-
less) interaction Hamiltonian is

ĤI (s; λ) = λ
∑

k=1,2

(
�̄k (s)

2
|r〉 〈k| + H.c.

)
(51)

with normalized matrix elements

�̄k (s) = �k

�max
e−i�
k seiφk , (52)

where s = ω
(21)
0 t with the time variable t scaled by the small-

est energy scale of the unperturbed Hamiltonian, the transition
frequency ω

(21)
0 between states |1〉 and |2〉. We define λ =

�max/ω
(21)
0 with �max = max({�k}) over the set of resonant

Rabi frequencies �k , and �ω ≡ ω/ω
(21)
0 defines a dimen-

sionless “frequency” for any true frequency ω. The detuning
parameter �
k = �ωk − �(rk)

ω0
is the difference between the

drive �ωk and the energy level gap �(rk)
ω0

> 0 between states
|k〉 ↔ |r〉 for k = 1, 2.

We assume |�
k | 
 λ, yet �
1 = �
2 ≡ �
 such that
�
1 − �
2 = (�ω1 − �ω2 ) − �(21)

ω0
= 0 with the two laser

beat note resonant with the transition frequency �21
ω0

be-
tween states |1〉 and |2〉. For the resonant Raman transition,
the leading nonzero contribution are the second-order QAT

results


̂(1)(s; λ) =
∫ s

ds′ Ĥ (1)
I (s′), (53a)

Ĥ (2)
eff = ĤR + ĤLS, (53b)

where, using the shorthand notation �̄k ≡ �̄k (0),

ĤR = 1

4�


(�̄1�̄
∗
2 |2〉 〈1| + H.c.), (54)

which describes the process of a stimulated Raman tran-
sition in the �-linkage pattern for coherently transferring
population between |1〉 ↔ |2〉 despite no direct interaction.
The additional effective Hamiltonian contribution, ĤLS =∑

k=1,2 ĤLS,k , where

ĤLS,k = |�̄k|2
4�


(|k〉 〈k| − |r〉 〈r|) (55)

generates energy level shifts due to the far-detuned inter-
actions, yielding a differential shift on the qubit manifold
for |�̄1| �= |�̄2|. The approximate second-order QAT dy-
namics for the interaction picture propagator governed by
ĤI (s; λ) are given by Û [2]

I (s) = Û [1]
fast (s; λ)Û [2]

eff (s; λ) = exp ( −
i
̂[1](s; λ)) exp(−iĤ [2]

eff [λ]s) with bounded error estimate
O(λ) valid at least over a time s ∼ O(1/λ2).

As in the far-detuned Rabi problem, we find the terms of
the QAT expansion to be sufficiently simple as to recover an
exact solution. Using the recursive QAT algorithm, we find
that the (2k + 2)th-order effective Hamiltonian term is

Ĥ (2k+2)
eff = fk Ĥ (2)

eff , k � 0, (56)

where the series coefficient fk = (−1)k Ck[(|�̄1|2 +
|�̄2|2)/4�2


]
k

and Ck is the kth Catalan number. From the
generating function c(x) = (1 − √

1 − 4x)/2x =∑k�0 Ckxk

with x = −(λ/2�
)2(|�̄1|2 + |�̄2|2) we find the closed-form
expression

Ĥeff = λ2c(x)Ĥ (2)
eff

= −2�


�̄2
rms

(
�
 ∓

√
�2


 + λ2�̄2
rms

)
Ĥ (2)

eff , (57)

where �̄rms =
√

|�̄1|2 + |�̄2|2 and the upper (lower) sign
corresponds to positive (negative) detuning �
. Further, the
(2k + 1)th-order dynamical phase term is


̂(2k+1)(s) = gk 
̂(1)(s), k � 0, (58)

where gk = (−1)k[(|�̄1|2 + |�̄2|2)/�2

]k/(2k + 1). From the

generating series arctan(x)/x =∑n�0
(−1)n

2n+1 x2n with x =
λ�̄rms/�
, we find the closed-form expression


̂(s) = �


�̄rms
arctan(λ�̄rms/�
) 
̂(1)(s). (59)

While equivalent up to a gauge transformation to the typical
bright/dark dressed state solution [3], the QAT solution explic-
itly captures the resonant coupling between the lower-lying
qubit states in the effective Hamiltonian description with the
off-resonant coupling to the intermediate state contained in
the dynamical phase.
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Example 3: Time-averaged double-well potential

We now consider a single quantum particle subject to har-
monic driving and weak anharmonic confinement potentially
realizable, for example, on a trapped-ion QCCD architecture
[56,57] or in a double-well quantum dot [58,59]. For suitable
choices of the drive amplitudes and frequency, the resulting
time-averaged potential forms an effective weak double-well
structure centered near the trap origin. The system Hamilto-
nian is given by

ĤS(t ) = p̂2

2m
+ 1

2
mω2

0 x̂2 cos(ωrft )

− 1

2
mω2

dcx̂2 + 1

4
gx̂4, (60)

where ω0 is the natural oscillator frequency, ωdc characterizes
the DC potential with ωdc � ω0, ωrf is the rf-driving fre-
quency, and g = mω2

0/l2
g is the anharmonic coupling strength,

which can be expressed in terms of a characteristic length
scale of the anharmonicity lg. Expressing the Hamiltonian in
dimensionless terms we have the time coordinate s = ωrft ,

position x̂ = lox̂′, and momentum p̂ = h̄ p̂′/lo for lo =
√

h̄
mω0

yields

ĤS(s) = λĤ (1)
S + λ3Ĥ (3)

S , (61)

where

Ĥ (1)
S = p̂′2

2
+ 1

2
x̂′2 cos(s), (62a)

Ĥ (3)
S =

(
ωrf

ω0

)2
[
−1

2

ω2
dc

ω2
0

x̂′2 + 1

4

l2
o

l2
g

x̂′4
]
, (62b)

where λ = ω0/ωrf � 1 and ωdc/ω0 ∼ lo/lg ∼ O(λ). The di-
mensionless position x̂′ and momentum p̂′ have the canonical
commutation relation [x̂′, p̂′] = i. Typically, one would trans-
form into an interaction picture toggling at the rf-frequency;
however, we will not transform the system in this exam-
ple. In this case, the validity of the result will depend on
each term in the perturbative QAT expansion becoming in-
creasingly smaller, which is satisfied by the expansion in
the high-frequency drive. To lowest order, the effective dy-
namics are of a slowly moving free particle given by the
time-averaged dynamics Ĥ (1)

eff = 〈〈Ĥ (1)
S 〉〉s = p̂′2/2. The more

interesting trapping dynamics are found at the next nonzero
effective Hamiltonian contribution given by the third-order
QAT result

λ3Ĥ (3)
eff = 1

2

(
ω2

eff

ω0ωrf
− λ

ω2
dc

ω2
0

)
x̂′2 + λ

4

l2
o

l2
g

x̂′4 (63a)

and

λ
̂(1)(s) = λ

2
sin(s)x̂′2, (64a)

λ2
̂(2)(s) = λ2

2
cos(s){x̂′, p̂′}, (64b)

where {·, ·} is the anticommutator and we have defined the ef-
fective secular frequency in the usual form ωeff = ω2

0/
√

2ωrf

for a purely harmonic trapping potential. In dimensionful

FIG. 2. Time evolution of the particle wave function in a driven
1D double-well potential. A quantum particle of unit mass begins
in a minimum-uncertainty coherent state centered at x = −1 (arb.
units) and initially at rest. A weak, effective double-well potential
arises due to the high-frequency modulation of the trap. While the
classical trajectory follows the gradient toward the nearest potential
minimum, the anharmonicity induces quantum spreading and rapid
loss of coherence in the wave function. To illustrate these dynamics,
we choose natural oscillator frequency ω0 = 0.2ω, DC confinement
ωdc = 1.5ωeff with ωeff = ω2

0/2ω, and anharmonic coupling strength
g = 1.75 × 10−2. At leading order, the QAT approximation mod-
erately agrees with the full numerical solution; including the next
nonzero correction significantly improves accuracy in both ampli-
tude and phase estimation.

units, we have

Ĥ [3]
eff = p̂2

2m
+ 1

2
m
(
ω2

eff − ω2
dc

)
x̂2 + 1

4l2
g

mω2
0 x̂4, (65)

where g = 0 (i.e., lg → ∞) returns an (inverted) harmonic
trapping potential for ωeff > ωdc (ωdc > ωeff ) as expected. For
this simple example we find that the next nonzero correction
to the effective Hamiltonian does not occurs until seventh
order. The time evolution of a particle’s wave function and
phase space in the effective double-well potential are shown
in Figs. 2 and 3, respectively.

IV. QUANTUM AVERAGING ON MULTIPLE TIMESCALES

Perturbations involving near-resonant Fourier modes or
higher-order mode interactions pose a unique challenge to
maintaining asymptotic validity, which we have so far ig-
nored. Yet, consider the Rabi problem in Sec. III A now with
a real-valued AC field, V̂ (t )/h̄ = � cos(ωt )σ̂x, for which no
closed-form solution is known [60]. When driven near res-
onance, the system exhibits both slow population inversion
known as Rabi flopping overlaid with fast beat-note dynam-
ics, exemplifying the distinct behavior occurring on different
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FIG. 3. Phase space of particle in a driven 1D double-well poten-
tial. Using the same parameters as in Fig. 2, we plot the phase space
trajectory of the particle. The high-frequency modulation gives rise
to an effective time-averaged trapping potential, which generates a
ponderomotive force. Under these conditions, the particle exhibits
motion centered around the effective secular trajectory but exhibits
pronounced excess micromotion due to the relatively large ratio
ω0/ωrf = 0.2.

timescales that demands more sophisticated modeling ap-
proaches.

One widely used method for simplifying multitimescale
dynamics is the rotating-wave approximation (RWA), which
separates fast and slow modes in the interaction Hamilto-
nian set by a high-frequency cutoff and eliminates the former
[2]. Specifically, the interaction Hamiltonian is decomposed
into high- and low-frequency components, Ĥ>

I (s) and Ĥ<
I (s),

based on a cutoff frequency �c. The RWA then effectively acts
as an idealized low-pass filter to eliminate rapidly oscillating
counter-rotating terms. The long-time features of the system
are then approximated by the coarse-grained Hamiltonian

ĤI (s; λ) � ĤI,0(λ) + Ĥ<
I (s; λ) +����Ĥ>

I (s; λ). (66)

While simple, the RWA fails to capture higher-order in-
teractions and subtle near-resonant effects. For example, if
Ĥ<

I (s; λ) = 0 but nearly resonant beat notes arise from higher-
order interactions, the first-order approximation vanishes
without a clear path for corrections. Yet, such interactions can
yield significant physical phenomena, as seen in two-photon
Raman transitions [3] or Mølmer-Sørensen entanglement in-
teractions [61]. These limitations have motivated numerous
techniques to gain analytic insight beyond the RWA [8,62–
65] and the closely related adiabatic elimination method
[3,4,6,66]. Building on these methods, we aim to develop

a unified framework that systematically improves effective
quantum models while addressing the full complexity of mul-
titimescale dynamics.

To address this challenge, we propose a multiple timescale
analysis (MTSA) to systematically separate fast-varying dy-
namics from slow, adiabatic behavior [34,67,68]. We begin by
introducing a two-timescale derivative expansion, establishing
a rigorous framework for analyzing multitimescale dynam-
ics. Building on this foundation, we present a generalized
QAT framework utilizing a partitioned expansion by timescale
separation (PETS) approach, an intuitive RWA-based reg-
ularization technique designed to separate timescales, as
detailed in the companion paper [38]. We demonstrate that the
PETS approach, an inductive method, and the two-timescale
derivative expansion, a deductive method, provide consis-
tent two-timescale QAT frameworks. Finally, we extend the
two-timescale renormalization procedure to address multiple
timescale dynamics through an iterative, multiple PETS pro-
cedure.

A. Two-timescale derivative expansion framework

In a derivative-based MTSA approach we introduce two
disparate “time” variables, that although not uncorrelated are
operationally treated as such. That is, when ĤI (s; λ) generates
interactions on two different timescales, we assume all time-
dependent operators have the form

Â(s) ≡ Â(s0, s1) (67)

for time variables si regarded as independent of each other.
From previous discussions, we have already identified (at
least) two timescale regimes of the system: the rapidly vary-
ing s � O(1) dynamics modulating the slowly varying �cs �
O(1) dynamics set by a high-frequency cutoff �c � λ. This
behavior is exemplified in the resonantly driven Rabi problem,
where the minimum time required for coherent state trans-
fer is inversely proportional to the Rabi frequency, which is
determined by the driving amplitude of the perturbation. If
we define a fast timescale σ ≡ s0 = s and a “lagging” slow
timescale τ ≡ s1 = �cs, from the chain-rule we have the two-
timescale derivative expansion [34]

d

ds
.=
(

∂

∂σ

)
τ

+ �c

(
∂

∂τ

)
σ

, (68)

which is an exact procedure that becomes increasingly
tractable as the separation increase (i.e., λ � �c � 1). Re-
placing the time derivative in the homological equation (19)
with (68) and using �c = λ �<

c confirms a consistent asymp-
totic expansion is obtained if λ � �c < 1. Only at the end
of the calculation do we return to the true time variable s by
appropriate substitution.

Inspired by the Lindstedt-Poincaré method [34], we in-
troduce a “frequency decomposition” method to parametrize
ĤI (s) ≡ ĤI (σ, τ ) explicitly in terms of the two timescales.
The frequency decomposition is the process of parametrizing
the frequency modes �ωk of the multimodal ĤI (s) in pow-
ers of �c in terms of unknown regularization parameters.
The regularization parameters will be determined to ensure
a valid two-timescale asymptotic expansion and when re-
summed must equal the bare mode frequency. Explicitly, let
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TABLE III. Frequency decomposition procedure. The decom-
position process for near-resonant base frequency (first line) and
far-detuned base frequency (second line). The latter may interact
near-resonantly with other modes at higher orders. In the following,
�α ∈ Zdim( ��) is an arbitrary integer vector with |�α| �= 0.

Frequency Decomposition

�ωk � �c �ωk ≡ λ�<
ωk

�ωk > �c To N th-order approximation:
(1) Define ��α = �α · �� for each �α where |�α| � N

and αk �= 0.
(2) Use Eq. (69) to equate parameters in powers

of �c up to O(�N
c ).

(3) From system of equations, determine
parameters.

each base frequency �ωk ∈ �� be expanded in powers of �c as
follows:

�ωk =
∑
n�0

�n
c�

(n)
ωk

= �>
ωk

+ �c �<
ωk

(�c), (69)

where �(n)
ωk

are the frequency regularization parame-
ters and we define a high-frequency contribution �>

ωk
=

�(0)
ωk

and the rescaled low-frequency contribution �<
ωk

≡∑
n�0 �n

c�
(n+1)
ωk

� 1. From Eq. (69), it follows that the gen-
eralized phase of a mode may be expressed as

�ωk s = (�>
ωk

+ �c �<
ωk

)
s

= �>
ωk

σ + �<
ωk

τ, (70)

where we have identified the two timescales as desired. We
remark that in general the regularization parameters are not
uniquely determined. Regularization parameters valid to first-
order approximation are given by

�ωk =
{
�>

ωk
if �ωk > �c,

λ�<
ωk

otherwise. (71)

A valid N th-order approximation for N � 2 requires identi-
fying regularization parameters �(n)

ωk
for 0 � n � N − 1 for

each kth-mode, which can be entirely deduced from the pro-
cedure in Table III.

The two-timescale QAT formalism largely mirrors the
results from Sec. III with minor modifications to accommo-
date the two-timescale derivative expansion. Unlike before,
the effective Hamiltonian will now depend on the (τ ) slow-
time and govern the long-time dynamics from ĤI (s; λ) free
of the fast-time degree of freedom. For the two-timescale
derivative expansion, the QAT homological equation becomes

∂σ 
̂(n)(σ, τ ) = Ĥ
(n)

 (σ, τ ) − Ĥ (n)

I,eff (τ )

− �<
c ∂τ 
̂

(n−1)(σ, τ ) (72)

with the two-timescale solution


̂(n)(σ, τ ) =
∫ σ

dσ ′(Ĥ(n)

 (σ ′, τ ) − Ĥ (n)

I,eff (τ )

− �<
c ∂τ 
̂

(n−1)(σ ′, τ )
)
, (73)

where we have enforced the same uniqueness rule as before.
Consider that (73) implies adiabatic passage with respect to
τ -time dependence. The additional term on the second line
corresponds to an adiabatic correction from the previous order
that ensures the procedure remains exact.

To regularize with respect to the fast σ -time, we adapt the
time-averaging procedure to two timescales with

〈〈Â(n)(s)〉〉σ = lim
T →∞

1

T

∫ T +σ0

σ0

Â(n)(σ ′, τ ) dσ ′, (74)

holding the τ -time constant. Clearly, the two-timescale aver-
aging procedure is effectively applying a low-pass filter on
high-frequency components in the same manner as in the
RWA. We are now able to systematically “integrate” out only
fast-time effects allowing us to adiabatically follow the slowly
varying τ -time interactions. It becomes clear that the expan-
sion is regularized if

〈〈
̂(n)(σ, τ )〉〉σ = 0, (75)

which is satisfied for the τ -time dependent effective Hamilto-
nian

Ĥ (n)
I,eff (τ ) = 〈〈Ĥ(n)


 (σ, τ )
〉〉

σ
= Ĥ

(n)

,0 + Ĥ

(n)

,<(τ ) (76)

governing resonant and near resonant interactions. Account-
ing for these changes, it has been shown that the main results
of Sec. III still apply to two-timescale expansions [50,68]. If
the τ -dependent effective Hamiltonian cannot be explicitly
solved, the effective propagator may be approximated with
exponential perturbation theory (see Appendix C for details).

Example 1: Near-resonant Rabi problem with two-timescale
derivative expansion

The RWA Rabi problem studied in the far-detuned limit in
Sec. III A demonstrated the basic features of the formalism
with a single fast timescale. We now turn to the Rabi problem
for the 2LS near-resonantly interacting with a real-valued AC
field for which no known explicit solution exists:

Ĥtotal(t ) = ωeg

2
σ̂z + � cos(ωt ) σ̂x, (77)

where the driving frequency ω > 0 and the Pauli x-operator
σ̂x = σ̂+ + σ̂−. Expanding Ĥtotal(t ) in exponentials reveals the
additional “counter-rotating” terms, e±iωt σ̂±, not apparent in
(35) that are highly detuned in the interaction picture. These
terms generate fast-varying interactions and are dropped in the
rotating-wave approximation.

In the perturbative limit (ωeg 
 �) we define the small
parameter λ = �/2ωeg using the same convention as before.
As previously mentioned, the choice of Ĥ0(t ) is somewhat
arbitrary but often field-dependent. In this case, two reason-
able choices exist: the first is Ĥ0 = ωeg

2 σ̂z and the second is
the RWA Rabi Hamiltonian whose solution is given by (36).
We will use the former as it is a more standard choice, but the
latter is a compelling option if one is interested in studying the
perturbative effects of the additional counter-rotating terms.
Before proceeding, we rescale the system with the dimension-
less time s = ωegt yielding Ĥ0 = σ̂z/2 and V̂ (s; λ) = λV̂ (1)(s)
for V̂ (1)(s) = e−i�ωs σ̂x + H.c., where �ω = ω/ωeg.
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Step 1: Interaction Picture. In the interaction picture of
Ĥ0 = σ̂z/2 we have

Ĥ (1)
I (s) = (e−i�
s + ei��s)σ̂+ + H.c., (78)

where �
 = �ω − �ωeg is the detuning parameter and
�� = �ωeg + �ω = 2 + �
 is the frequency of the counter-
rotating terms satisfying �� 
 �
 for any driving frequency
�ω > 0.

Step 2: Frequency Decomposition. Suppose the detun-
ing parameter is near resonance (i.e., |�
| � �c) such that
|��| > 2 
 �c. Using Table III we identify the slow fre-
quency �
 ≡ λ�<


 and the fast frequency �� ≡ �>
� , a

decomposition valid up to (n + m)th order where the mode
interactions generate the nearly resonant beat note n�� −
m�
 � λ. From Eq. (70) we have the two-time interaction
Hamiltonian

Ĥ (1)
I (σ, τ ) = (e−i�<


τ + ei��σ )σ̂+ + H.c. (79)

Step 3: QAT Homological Equation. Let λ be sufficiently
small such that the system is well-characterized by its second-

order dynamics. For n = 1, from Table I for Ĥ
(n)

 (s) and the

two-time averaging procedure in Eq. (74),

Ĥ
(1)

 (s) = Ĥ (1)

I (s),

〈〈
Ĥ

(1)

 (s)

〉〉
σ

= lim
T →∞

1

T

∫ T

0
Ĥ (1)

I (σ, τ ) dσ

= e−i�<

τ σ̂+ + H.c. (80)

leading to the first-order contributions

Ĥ (1)
I,eff (τ ) = 〈〈

Ĥ
(1)

 (s)

〉〉
σ

= e−i�<

τ σ̂+ + H.c., (81a)


̂(1)(s) =
∫ σ

dσ ′
(
Ĥ

(1)

 (σ ′, τ ) − Ĥ (1)

I,eff (τ )
)

= 1

i��

ei��σ σ̂+ + H.c. (81b)

Repeating the algorithm to the next two orders, we have

Ĥ (2)
I,eff = 〈〈

Ĥ
(2)

 (s)

〉〉
σ

= 1

��

σ̂z, (82a)


̂(2)(s) =
∫ σ

dσ ′
(
Ĥ

(2)

̂ (σ ′, τ ) − Ĥ (2)

I,eff

− ∂τ 
̂
(1)(σ ′, τ )

)
= 2

�2
�

sin(�<

τ + ��σ ) σ̂z, (82b)

and

Ĥ (3)
I,eff = − 1

�2
�

e−i�<

τ σ̂+ + H.c., (83a)


̂(3)(s) = −2�<



�3
�

sin(�<

τ + ��σ ) σ̂z

+ 1

6�3
�

[−i σ̂+e−i�<

τ (8 cos(
τ + �t )

+ 8e−i(
τ+�t ) + 3e2i(
τ+�t ) ) + H.c.]. (83b)

As expected, the first-order approximation returns the in-
teraction Hamiltonian in the rotating-wave approximation,

which captures the most significant long-time effects gov-
erning the system dynamics. The lowest-order fast-time
contribution 
̂(1)(σ ) shows a weak coupling to the counter-
rotating terms, which off-resonantly drives the transition. The
second-order effective interaction, also due to the counter-
rotating terms, produces the familiar Bloch-Siegert shift (or
light shift). Finally, the third-order dynamical phase contribu-
tion introduces the first adiabatic correction for assuming that
�
t = �<


τ is approximately constant under fast-time inte-
gration [i.e., ∂τ 
̂

(2)(σ, τ ) �= 0]. We remind the reader that for
an N th-order approximation, only the (N − 1)th dynamical
phase contribution is required.

Step 4: The Effective Interaction Picture. The second-order
truncated effective Hamiltonian is given by

Ĥ [2]
I,eff (τ ; λ) =

2∑
n=1

λn Ĥ (n)
I,eff (τ )

= λ (e−i�<

τ σ̂+ + H.c.)

RWA

+ λ2

��

σ̂z.

resonance shift

(84)

Consider that by a simple redefinition of parameters
Ĥ [2]

I,eff (τ ; λ) can be mapped onto the exactly solvable Rabi
problem in (35). Therefore, the exact solution to the truncated
effective interaction picture equation is

Û [2]
eff (τ ; λ) = e−i�<


σ̂zτ/2 e−i (−�̃<

 σ̂z+2σ̂x )τ/2, (85)

where �̃<

 = �<


 − 2λ
��

is the resonance-shifted detuning pa-
rameter.

For comparison, we proceed to solve the truncated problem
with perturbation theory (see Appendix C). Let Û ′

eff,0(τ ) =
e−i�<


σ̂zτ/2e−i (−�<

 σ̂z+2σ̂x )τ/2 be the solution to the first-order,

RWA dynamics. Then, in the interaction picture of Ĥ (1)
I,eff (τ )

we have the new slow-time interaction Hamiltonian satisfying
Eq. (C4),

Ĥ ′(2)
I,eff (τ ) = 1

���<
�′

2 {(�< 2

 + 4 cos(�<

�′τ ))σ̂z

− (g(�<
�′τ )σ̂+ + g∗(�<

�′τ )σ̂−)}, (86)

where g(�<
�′τ ) = 4�<


 sin2(�<
�′τ/2) + 2i�<

�′ sin(�<
�′τ ) with

generalized Rabi frequency ��′ =
√

�2
� + �2


 ≡ λ�<
�′ and

�� = �/ωeg = 2λ. The second-order approximation for the
effective dynamics is given by

Û [2]
eff (τ ; λ) � Û ′

eff,0(τ )Û ′[1]
eff (τ ; λ) + O(λ2), (87)

where

Û ′[1]
eff (τ ; λ) � exp(−iλ

∫ τ

Ĥ ′(2)
I,eff (τ ′) dτ ′) (88)

is the result from τ -time exponential perturbation theory.
Step 5: Approximate QAT Dynamics. We complete

the process by returning the unitary-preserving truncated
QAT interaction propagator to second order, Û [2]

I (s; λ) =
exp(−i 
̂[1] ) Û [2]

eff (τ ; λ)|τ=λs, where the dynamical phase con-
tribution is given by (81b) and Û [2]

eff (τ ; λ) is exactly
and approximately given by (85) and (87), respectively.
Hence, for the system prepared in the state |ψ0〉 at
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FIG. 4. Near-resonant Rabi oscillations with counter-rotating
terms. The qubit is initialized in the superposition state |ψ0〉 =

1√
2
(|g〉 + |e〉) and weakly driven with amplitude λ = 0.05. A

near-resonant detuning �
 � 1.14λ is chosen to eliminate the
second-order light shift due to counter-rotating terms, thereby
isolating higher-order contributions to the dynamics. Both the non-
perturbative (red) and perturbative (blue) second-order QAT results
show close agreement with the full numerical solution, even beyond
the formal regime of guaranteed validity. The lower plot reflects this
behavior, showing that the SU(2) average gate fidelity remains in
strong agreement with the exact dynamics over multiple Rabi cycles.

time s = 0, the quantum state in the interaction pic-
ture evolves as |ψ [2]

I (s, s0 = 0)〉 = Û [2]
I (s)Û †[2]

I (s0) |ψ0〉 ≡
Û [2]

I (s, s0) |ψ0〉. The exact and the perturbation theory results
for the truncated effective dynamics are compared against the
numerical result in Fig. 4.

Example 2: Near-resonant two-photon Raman transition

We revisit the two-photon Raman process described in
Sec. III A, but now allowing the two-tone beat note to be
slightly detuned from resonance. As before, the interaction
Hamiltonian is

ĤI (s; λ) = λ
∑

k=1,2

(�̄k (s) |r〉 〈k| + H.c.). (89)

However, the normalized matrix elements

�̄k (s) = �k

2�max
eiφk e−i�
k s (90)

are assumed to have unequal detuning �
k = �ωk − �(rk)
ω0

from the intermediate state |r〉. As before, the intermedi-
ate state is driven far from resonance (|�
k | 
 λ) yet the
two-tone beat note |�
1 − �
2 | = |(�ω1 − �ω2 ) − �(21)

ω0
| �

λ such that the difference is close to resonance with the tran-
sition frequency between states |1〉 and |2〉. Using Table III,
we parametrize the small relative detuning as �
1 − �
2 =
λ�δ . For convenience, we use the symmetric parametrization
�
k = �
 ± λ�δ/2 for large |�
| 
 λ > 0. The two-time
interaction Hamiltonian is returned by using the two-time
decomposition �
k s ≡ �
σ ± �δτ/2 in (90).
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FIG. 5. Near-resonant Raman transition. The system is initial-
ized in the ground state |ψ0〉 = |1〉. The pump and probe beams
are driven with moderate coupling strengths �1 = 
1/4 and �2 =

1/5, respectively, with detuning from the intermediate state |r〉
set by 
1 = 2π × 10 MHz. The frequency difference 
 = 
1 − 
2

is chosen to cancel second-order differential light shifts, ensuring
〈1| Ĥ [2]

eff |1〉 = 〈2| Ĥ [2]
eff |2〉. Second-order QAT results (blue) agree

with the numerical solution for approximately half a Rabi cycle but
deviate at longer times. In contrast, the next nonvanishing QAT cor-
rection (red) converges rapidly and remains accurate over multiple
cycles, as quantified by the SU(3) average fidelity shown in the lower
plot.

The leading nonzero contribution is the second-order QAT
result


̂(1)(σ, τ ; λ) =
∫ σ

dσ ′ Ĥ (1)
I (σ ′, τ ), (91a)

Ĥ (2)
eff (τ ) = ĤR(τ ) + ĤLS, (91b)

where, using the shorthand notation �̄k ≡ �̄k (0),

ĤR(τ ) = �̄1�̄
∗
2

4�


e−i�δτ |2〉 〈1| + H.c., (92)

which describes a slightly detuned stimulated Raman transi-
tion between states |1〉 ↔ |2〉. The second-order level shifts
are given by ĤLS = ĤLS,1 + ĤLS,2, where

ĤLS,1 = 1

�


|�̄1|2
4

(|1〉 〈1| − |r〉 〈r|),

ĤLS,2 = 1

�


|�̄2|2
4

(|2〉 〈2| − |r〉 〈r|). (93)

The third-order contributions only introduce adiabatic correc-
tions given by


̂(2)(σ, τ ) = −
∫

dσ ∂τ 
̂
(1)(σ, τ ), (94a)

Ĥ (3)
eff (τ ) = −1

2

〈〈
[−i
̂(2), Ĥ (1)

I ]
〉〉

σ
= Ĥ ad

LS, (94b)

where

Ĥ ad
LS = − �δ

2�


[ĤLS,1 − ĤLS,2]. (95)

032210-13



KRISTIAN D. BARAJAS AND WESLEY C. CAMPBELL PHYSICAL REVIEW A 113, 032210 (2026)

The third-order effective dynamics are exactly solvable,
yielding

Û [3]
eff (τ ; λ) = exp(i�δ ŜZ2τ ) exp

(− iĤ ′
Rτ
)
, (96)

where

Ĥ ′
R = �δ ŜZ2 + λ[ĤLS + ĤR(0)] + λ2Ĥ ad

LS, (97)

where ŜZ2 = 1
2 (|1〉〈1| − |2〉〈2|). Note that the freedom to

choose a symmetric frequency decomposition is an example
of the nonuniqueness of the two-timescale expansion. Alter-
natively, the parametrization �
1 = −�
 + λ�δ and �
2 =
−�
 yields a different expansion that is equally valid to the
same order of approximation. This discrepancy will be ad-
dressed in the following section. The second- and fourth-order
truncated QAT results are compared against the numerical
result in Fig. 5.

B. Partitioned expansion by timescale separation framework

When the interaction Hamiltonian involves a large num-
ber of modes, applying frequency decomposition becomes
increasingly cumbersome due to the complexity of track-
ing individual contributions. In the companion paper [38],
we introduced a simple, inductive method for construct-
ing a two-timescale QAT framework using the partitioned
expansion by timescale separation (PETS) approach. The
PETS framework leverages the RWA as a familiar regular-
ization technique to account for resonant and low-frequency
effects, enabling effective descriptions that extend beyond
first-order approximations. Mathematically, the PETS ap-
proach is entirely consistent with the two-timescale derivative
expansion technique without requiring explicit determination
of regularization parameters, provided λ � �c < 1. Although
less mechanical than the two-timescale derivative expansion,
PETS offers a more intuitive and practical alternative for
handling multitimescale dynamics in complex systems.

We begin from the QAT homological equation given by
Eq. (19). Consider that for the most general almost-periodic
interaction Hamiltonian in (8) that the auxiliary operator will
also be almost-periodic with the same base frequencies �k ∈
��. Without loss of generality, we separate the nth-order auxil-
iary operator in terms of resonant (with subscript 0), fast (>),
and slow (<) Fourier modes:

Ĥ
(n)

 (s) = Ĥ

(n)

,0 + Ĥ

(n)

,>(s) + Ĥ

(n)

,<(s), (98)

where

Ĥ
(n)

,≷(s) =

∑
�αk∈F≷

n

e−i�αk · ��s Ĥ
(n)

,k + h.c. (99)

are the time-dependent contributions and Ĥ
(n)

,0 collects the

resonant, time-independent terms. We introduced the set Fn of
unique integer vectors �αk ∈ Zq that generate the base as well
as the (positive) sum and difference frequencies appearing at
nth order. The superscript “≷” on the set denotes whether
the integer vectors �αk generate a fast (�αk · �� > λ) or slow
(�αk · �� � λ) frequency.

As before, we seek to maintain a nonsecular theory. And, in
addition, we desire the expansion to be asymptotically valid to

all orders, even when F<
n �= 0. To this end, we define the RWA

as the low-pass filter procedure

〈〈Â(s)〉〉rwa =
∫ ∞

−∞
ds′ f (s − s′)Â(s′) (100)

for an idealized brick-wall response f (s) = �c
2π

sinc(�cs) with
a high-frequency cutoff �c = λ. In the PETS approach, the
homological equation is regularized by separating the fast
from the slow timescale effects by requiring

〈〈
̂(n)(s)〉〉rwa = 0, (101)

which is satisfied by requiring

Ĥ (n)
I,eff (s) = 〈〈Ĥ(n)


 (s)
〉〉

rwa = Ĥ
(n)

,0 + Ĥ

(n)

,<(s) (102)

guaranteeing an asymptotically valid expansion. If we de-
fine ��eff > 0 to be the frequency vector of ĤI,eff (s; λ), then
each component �k ∈ ��eff satisfies 0 < �k � λ. Hence, the
slow timescale τ = λs from the two-timescale expansion in
Sec. IV A also naturally arises in the PETS approach.

We observe that the concept of the RWA as a low-pass
filter appears organically from the requirement of asymptotic
validity. A similar approach was proposed by James et al.
[7] to generate an effective Hamiltonian from a time-ordered
Dyson series. However, the approach suffered from nonuni-
tary artifacts that do not appear in a Magnus-type expansion.
Moreover, the expansion is kept exact by generating the high-
frequency fast propagator from the regularized homological
equation

d

ds

̂(n)(s) = Ĥ

(n)

 (s) − Ĥ (n)

I,eff (s) = Ĥ
(n)

,>(s) (103)

with the theory proceeding otherwise the same as in Sec. III.
We remark that while we initially assumed an RWA cutoff fre-
quency �c = λ, comparing with the two-timescale derivative
approach reveals this to be the minimal bound of the broader
constraint λ � �c < 1, which introduces a clear separation
between fast and slow dynamics.

It is important to note, however, that the effective Hamil-
tonian may not have a uniquely defined form: the RWA
low-pass filter relies on a system-specific frequency cutoff
and the mode spectrum depends on the physical parameters
of the problem. This constraint poses minimal challenges in
constructing an appropriate effective system, provided the
characteristic timescales of the interaction Hamiltonian are
well understood.

To rigorously justify the PETS procedure, we establish its
equivalence to the two-timescale derivative expansion at a
given order of approximation. This equivalence represents the
central result of this section. Specifically, we prove that the
adiabatic corrections in (72) align with the coefficients of the
series expansion for the mode amplitudes of 
̂(n)(s), calcu-
lated using the PETS approach. This relationship between the
adiabatic corrections and the series coefficients in powers of
λ establishes the consistency of the two approaches. From
the homological equation (103) for n = 1, solving for 
̂(1)(s)
and expanding the mode amplitudes in powers of �c = λ�<

c
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yields


̂(1)(s) =
∑

�k>�c

1

i�k
ei�k sĥk + H.c.

=
∑

�k>�c

1

i�>
k

(
1 − �c

�<
ω

�>
ω

+ · · ·
)

ei�k sĥk + H.c.,

(104)

where we have inserted the frequency decomposition (69)
from the two-timescale derivative approach. On the other
hand, adiabatic passage of τ -time in the two-timescale deriva-
tive expansion implies


̂(1)(σ, τ ) =
∑

�k>�c

1

i�>
k

ei(�>
k σ+�<

k τ )ĥk + H.c., (105)

which, by comparison, reveals 
̂(1)(s) = 
̂(1)(σ, τ ) + O(λ2)
in such a way that both are valid descriptions to the same
order of approximation. Hence, if we define the adiabatic
correction operator Dad : Â(σ, τ ) �→ −�<

c

∫ σ dσ ′∂τ Â(σ ′, τ ),
then one can easily show that


̂(1)(s) =
∞∑

k=0

λkDk
ad ◦ 
̂(1)(σ, τ )|σ=s,τ=�cs, (106)

which coincides with the result above. Extending to any n >

1 follows trivially by induction. Hence, for λ � �c < 1, the
results from the PETS approach (left) are related to the two-
timescale derivative expansion (right) as follows:

Ĥ (1)
eff (s) = Ĥ (1)

eff (τ ),

Ĥ (n)
eff (s) = Ĥ (n)

eff (τ ) + O(λ), n � 2, (107)


̂(n)(s) = 
̂(n)(σ, τ ) + O(λ), n � 1,

such that the two methods are equivalent to the same order
of approximation. It follows that the multitimescale averaging
procedures are related by

〈〈Â(s)〉〉rwa = 〈〈Â(σ, τ )〉〉σ + O(λ), (108)

where the RWA filters out fast Fourier modes with implicit
dependence on the fast-time σ .

The difference between the methods can be summarized as
follows. The PETS approach is an inductive method, requiring
the homological equation to be assessed and regularized iter-
atively, order-by-order. In contrast, the derivative expansion
is best suited as a deductive method that enforces validity
prior to any calculations by determining a suitable frequency
decomposition. We note that the frequency decomposition
in a derivative expansion approach can also be performed
inductively in a process requiring additional steps compared
to the PETS approach. Nonetheless, it may be advantageous in
scenarios where one seeks to engineer specific interactions by
introducing arbitrary drives, such as through continuous-time
pulse shaping techniques [66,69].

Example 1: Near-resonant Rabi problem with PETS approach

We revisit the near-resonant Rabi problem explored in
(Sec. IV A), this time applying the PETS approach to study
the long-time dynamics. We reiterate, in the PETS approach

an explicit frequency decomposition is not required. Instead,
a timescale separation will be addressed by effectively apply-
ing the RWA at each order while still maintaining an exact
expansion.

Step 1: Interaction Picture. As before, we have the inter-
action picture Hamiltonian

Ĥ (1)
I (s) = (e−i�
s + ei��s)σ̂+ + H.c., (109)

where we assume the detuning parameter to be nearly resonant
(i.e., �
 � �c) such that �� ≈ 2 
 �c.

Step 2: Regularized QAT Homological Equation. Using
Table I and Eq. (74), for n = 1 we have

Ĥ
(1)

̂ (s) = Ĥ (1)

I (s) = Ĥ (1)
I,>(s) + Ĥ (1)

I,<(s), (110)

where

Ĥ
(1)

̂,>(s) ≡ Ĥ (1)

I,>(s) = ei��s σ̂+ + H.c.,

Ĥ
(1)

̂,<(s) ≡ Ĥ (1)

I,<(s) = e−i�
s σ̂+ + H.c., (111)

separated with respect to fast and slow modes, respectively.
Applying a low-pass filter (i.e., RWA), the first-order contri-
butions are given by

Ĥ (1)
I,eff (s) = 〈〈

Ĥ
(1)

 (s)

〉〉
rwa = e−i�
s σ̂+ + H.c., (112a)


̂(1)(s) =
∫ s

ds′ Ĥ
(1)

̂,>(s′) = ei��s

i��

σ̂+ + H.c. (112b)

Repeating the algorithm to the next two orders, we have

Ĥ (2)
I,eff = 1

��

σ̂z, (113a)


̂(2)(s) = 2

�� (�
 + �� )
sin ((�
 + �� )s) σ̂z (113b)

and

Ĥ (3)
I,eff (s) = − 1

�� (�
 + �� )
e−i�
s σ̂+ + H.c., (114a)


̂(3)(s) = 1

6�3
�

[
−i σ̂+

(
12�2

�e−is(2�
+�� )

(�
 + �� )(2�
 + �� )

+ 6�2
�eis(�
+2�� )

(�
 + �� )(�
 + 2�� )

−
(

8 − 12��

�
 + ��

)
eis��

)
+ H.c.

]
. (114b)

For this example, we find that the second-order PETS re-
sults match identically with the results from the two-timescale
derivative expansion approach. At higher orders, performing a
series expansion in powers of λ of the mode amplitudes in the
results above using �
 = λ�<


 shows full agreement with the
two-timescale derivative expansion results to the same order
of approximation as expected. The final two steps shown in
Sec. IV A are omitted as the remaining process is the same as
before.

Example 2: Near-resonant two-photon Raman transition
with the PETS approach

We return to the near-resonant two-photon Raman
process described in Sec. IV A, now applying the PETS
approach. Using the same conditions |�
k | 
 λ and
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|�
1 − �
2 | = |(�ω1 − �ω2 ) − �(21)
ω0

| � λ, the leading
nonzero contribution are the second-order QAT results


̂(1)(s; λ) =
∫ s

ds′ Ĥ (1)
I (s′), (115a)

Ĥ (2)
eff (s) = 〈〈

Ĥ
(2)

 (s)

〉〉
rwa = ĤR(s) + ĤLS, (115b)

where, using the shorthand notation �̄k ≡ �̄k (0),

ĤR(s) = �̄1�̄
∗
2�
1+
2

8�
1�
2

e−is�
1−
2 |2〉 〈1| + H.c., (116)

is the slightly detuned Raman transition while the level shifts
ĤLS = ĤLS,1 + ĤLS,2 are

ĤLS,1 = 1

�
1

|�̄1|2
4

(|1〉 〈1| − |r〉 〈r|),

ĤLS,2 = 1

�
2

|�̄2|2
4

(|2〉 〈2| − |r〉 〈r|). (117)

The second-order effective dynamics are exactly solvable,
yielding Û [2]

eff (τ ; λ) = exp(iĤDs) exp ( − i[ĤR + Ĥ [2]
eff (0)]s).

To higher orders, we find that all odd order effective
Hamiltonian contributions Ĥ (2k+1)

eff = 0 for integer k, vanish-
ing as expected of a two-photon process. Here, all off-resonant
single-photon processes to the intermediate state |r〉 are ac-
counted for in the dynamical phase operator. Expanding
λ2Ĥ (2)

eff (s) in powers of λ with �
k = �
 ± λ�δ/2 to third-
order yields the results from the multitimescale derivative
expansion, including the third-order adiabatic correction.

As in the resonant case, the QAT results for the slightly de-
tuned Raman process using the PETS approach coincide with
a closed-form solution. The exact dynamical phase operator
can be found using the ansatz


̂(s; λ) = λ
∑

k=1,2

θk

(∫ s

ds′ �̄k (s)

)
|r〉 〈k| + H.c., (118)

where θk = αk
√

�
1�
2/�
′
rms arctan(�′

rms/
√

�
1�
2 ) and

�′
rms =

√
α2

1�
2

2

|�1|2 + α2
2�

2

1

|�2|2/
√

�
1�
2 . The pa-

rameters αk = 1 ± (�
1 − �
2 )α′
k are real-valued and are

unity for the two-photon resonant case �
1 = �
2 , yield-
ing the resonant QAT solution. The primed parameters α′

k
satisfy a cubic equation generated by requiring 〈1| Ĥeff |r〉 =
〈2| Ĥeff |r〉 = 0 and are equivalent under exchange of in-
dices [i.e., α′

2 ≡ α′
1(�
1 ↔ �
2 , �̄1 ↔ �̄2)]. The resulting

effective Hamiltonian Ĥeff (s; λ) = λ2{∑k=1,2 hk (λ)ĤLS,k +
[�̄R(λ)e−is�
1−
2 |2〉〈1| + H.c.]} is block-diagonal and trace-
less and reduces to the two-photon resonant solution for
�
1 = �
2 .

C. Iterative timescale separation for
multitimescale quantum dynamics

In practical application, a two-timescale QAT is often suf-
ficient to capture the system dynamics. Nonetheless, it is
straightforward to extend the two-timescale procedures, both
PETS and the derivative expansion, to study multitimescale
dynamics. A generalized multitimescale procedure will allow
us to study a wider range of time-dependent perturbations
generating dynamics on increasingly slower timescales. Due

to the equivalence, throughout the following, we will inter-
changeably refer to the PETS and the derivative expansion
approach, depending on the aspects we wish to emphasize.

The following primarily serves to illustrate how slower
timescale effects are, in fact, hidden in a two-timescale
expansion. Suppose we have ĤI (s) ≡ ĤI (σ, τ ) generating dy-
namics on multiple different timescales with the system time
parametrized by a fast time σ and additional slow timescales
τ = {τ j}, where τ j = �

j
c s for integer j = 1, . . . , M. For sim-

plicity, we will take the high-frequency cutoff �c = λ. The
additional slow timescales are already accounted for in the
Fourier modes through the low-frequency component �<

k =∑
n�0 λn�

(n)
k � 1 defined in Eq. (69). The generalized phase

in Eq. (70) expressed in terms of the set of slow-times {τ j}
becomes

�ωk s = (�>
ωk

+ λ�(1)
ωk

+ λ2�(2)
ωk

+ · · · )s
= �>

ωk
σ + �(1)

ωk
τ1

O(λ)

+�(2)
ωk

τ2

O(λ2 )

+ · · · (119)

Hence, the generalization to a multitimescale derivative ex-
pansion is quite straightforward (see Appendix D). As we
will see, by using a multiple PETS renormalization procedure,
the additional timescales and frequency regularization param-
eters need not be explicitly defined. However, their explicit
reference will serve as a useful visual guide throughout the
following.

Following the discussion above, applying the PETS pro-
cedure of Sec. IV B to the (multitimescale) interaction
Hamiltonian yields the effective Hamiltonian ĤI,eff (τ1; λ) ≡
ĤI,eff (τ; λ) with τ1-time slow modes characterized by the
rescaled frequency vector ��eff/λ with components 0 < �<

k �
1. From (14), we may express the effective equation as the
(τ-time) perturbation problem

i

(
1

λ

d

ds

)
Ûeff (τ; λ)

=
(

Ĥ (1)
I,eff (τ) +

∞∑
n=2

λn−1Ĥ (n)
I,eff (τ)

)
Ûeff (τ; λ), (120)

where, unlike in a multitimescale derivative expansion, the
rescaled time-derivative λ−1d/ds ≡ d/dτ1 “hides” the de-
pendence on slower timescales. As a reasonable assumption,
suppose the τ-time perturbation problem is not explicitly solv-
able. As in Sec. II, if the “unperturbed” Ĥ (1)

I,eff (τ) is solvable,
then we may transform into an interaction picture depending
only on the perturbation (see Appendix C for details). Let
Û ′

0(τ) be the exactly solvable, “unperturbed” propagator so-
lution to

i

(
1

λ

d

ds

)
Û ′

0(τ) = Ĥ (1)
I,eff (τ)Û0(τ) (121)

such that the factorization Ûeff (τ; λ) = Û ′
0(τ)Û ′

I (τ; λ) returns
the new interaction picture equation

i

(
1

λ

d

ds

)
Û ′

I (τ; λ) =
∞∑

n=2

λn−1 Ĥ ′ (n)
I,eff (τ)Û ′

I (τ; λ), (122)
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where

Ĥ ′ (n)
I,eff (τ) = Û ′ †

0 (τ)Ĥ (n)
I,eff (τ)Û ′

0(τ). (123)

Applying the PETS technique, with the identification
(s, τ1) → (τ1, τ2) in the new interaction picture, enables the
separation of slow τ1-time dynamics from even slower τ2-time
dynamics. By iterating this procedure, PETS can be used to
successively isolate increasingly slower timescale dynamics.

In the multiple PETS renormalization procedure, a
timescale renormalization step is represented as

ÛI (σ, τ )
Û ′

ren�⇒ Û ′
I (τ), (124)

which describes applying the PETS technique followed by the
transformation into Eq. (122). Explicitly, the step corresponds
to the factorization

ÛI (σ, τ; λ) = Û ′
ren(σ, τ; λ)Û ′

I (τ; λ), (125)

where

Û ′
ren(σ, τ; λ) = Ûfast (σ, τ; λ)Û ′

0(τ) (126)

with Ûfast (σ, τ; λ) = exp ( − i
̂(σ, τ; λ)) generated with the
PETS approach. For example, in the simplest case where
ĤI (s) ≡ ĤI (σ ) depends only on the fast timescale σ , the
renormalization step describes applying the far-detuned QAT
of Sec. III to generate a time-independent effective Hamil-
tonian, which is then transformed into a time-dependent
perturbation problem. We remind the reader that the explicit
reference to multiple timescales serves as a visual aid. The
PETS approach allows us to avoid the cumbersome frequency
decomposition with the relevant timescales naturally emerg-
ing during each renormalization step.

The multiple PETS renormalization procedure is summa-
rized as the following iterative sequence:

ÛI (σ, τ )
Û ′

ren�⇒ Û ′
I (τ)

Û ′′
ren�⇒ Û ′′

I (τ \ {τ1})

�⇒ · · · Û ′···′
ren�⇒ Û ′···′

I (τM ). (127)

This procedure is entirely equivalent to a multitimescale
derivative expansion, where each renormalization step (de-
noted by the primes) introduces a new interaction picture by
performing a partial average over the fastest timescale. It is
important to note that each renormalization step requires the
corresponding ‘unperturbed’ system to be explicitly solvable
within the perturbation problem. If explicit solvability is not
possible, the procedure terminates at that step, and the result-
ing effective Hamiltonian must be resolved numerically.

V. CONCLUSION

In this work, we introduced quantum averaging the-
ory (QAT) as a generalized unitarity-preserving analytic
framework for analyzing periodically and almost-periodically
driven quantum systems across multiple timescales. By in-
tegrating the Magnus expansion [11] with the method of
averaging on multiple timescales [8,9,34], QAT provides a
systematic perturbative approach to describe both far-detuned
(high-frequency, off-resonant) and near-resonant interactions,
bridging the gap between existing analytic approaches. As
in prior quantum averaging frameworks [12,13,15–18], QAT

generates an effective Hamiltonian description for the slow-
time evolution while retaining fast oscillatory effects within a
separate dynamical phase operator. However, by allowing the
effective Hamiltonian to capture slowly varying interactions,
this approach generalizes Floquet-based methods while refin-
ing and extending standard approximation techniques, such
as the rotating-wave approximation (RWA). We demonstrated
that, in both detuning regimes, the QAT expansion rapidly
converges toward exact numerical solutions, underscoring its
high accuracy. For two touchstone problems in quantum op-
tics, we showed that the QAT expansion can be mapped onto
a closed-form solution.

Compared to conventional time-dependent perturbative
methods, QAT provides several key advantages. First, it
preserves unitarity at all orders, eliminating non-Hermitian
artifacts commonly introduced by truncations in nonunitary
expansions. Second, it enables high-order corrections in a
controlled manner, systematically improving upon approxi-
mations such as RWA and adiabatic elimination. Third, unlike
Floquet or Van Vleck expansions [12,17], which rely on
strict periodicity and off-resonant driving, QAT is applica-
ble to single- and multifrequency systems with near- and
off-resonant driving, making it a versatile tool for a wide
range of driven quantum systems. By explicitly capturing
multiscale interactions, QAT remains effective even when
disparate frequency scales and near-resonant interactions are
present—regimes where standard high-frequency expansions
break down.

Our results illustrate that high-frequency effects are both
unavoidable and significant, even in weakly driven sys-
tems. By capturing multitimescale effects, QAT can aid
in analyzing complex driven systems, providing clearer in-
sight into phenomena that were previously hard to model.
Taking these effects into account is particularly relevant
for error-resilient gate designs in quantum computing and
tailored driving schemes in analog quantum simulations.
To demonstrate this capability, in the companion paper
[38] we analyzed entangling gate performance under the
well-known Mølmer-Sørensen interaction, showing how the
high-frequency corrections can be suppressed to improve
gate fidelity. While the present formulation applies to closed,
unitary dynamics, a more realistic description must account
for dissipation and decoherence, which inevitably arise in
physical systems. An important direction for future work is
extending QAT to open quantum systems where incorporating
environmental interactions within a master equation frame-
work would significantly broaden its applicability. Moreover,
investigating the range of validity for QAT in both strongly
driven and many-body quantum systems remains an open
question for further research.
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APPENDIX A: EXACT, NONLINEAR DIFFERENTIAL
EQUATION FOR THE DYNAMICAL PHASE

By inserting (15) into (7) and transforming into the effec-
tive interaction picture we find an exact expression for ĤI,eff

depending only on ĤI and 
̂ given by

ĤI,eff (s) = Û †
fast (s) ĤI (s) Ûfast (s) − i Û †

fast (s) ∂sÛfast (s)

= ei
̂(s)ĤI (s)e−i
̂(s) − i ei
̂(s) ∂

∂s
(e−i
̂(s) ), (A1)

where the last term on line two requires care since, in general,
[
̂, ∂s
̂] do not commute. To ensure proper operator ordering
we proceed with a Lie theoretic approach proposed by Mag-
nus [11].

We remark that the following derivation draws on two
important features of the exponential map: (i) 
̂ preserves
the Lie algebra g generated by ĤI , restricting the map exp :
g �→ G to the Lie group structure G for the set of group-
preserving operations, and (ii) the exponential map has the
easily computed inverse property exp(i
̂)−1 = exp(−i
̂).
Equipped with the matrix Lie bracket [Â, B̂] = ÂB̂ − B̂Â and
the adjoint action adÂ : g �→ g, where

adk
Â(B̂)

.=
⎧⎨
⎩

B̂ if k = 0
[Â, B̂] if k = 1[
Â, adk−1

Â
(B̂)
]

otherwise
(A2)

for all k ∈ N and Â, B̂ ∈ g, (A1) can be expressed in terms
of Lie group-theoretic operators. From the Baker-Campbell-
Hausdorff identity, we have

Û †
fast ĤI Ûfast = exp(adi
̂)ĤI

=
∞∑

k=0

1

k!
adk

i
̂(ĤI ) (A3)

and from the differentiation of the exponential map,

dexpi
̂(∂s
̂) = i Û †
fast∂sÛfast

= exp(adi
̂) − I

adi
̂

(∂s
̂)

=
∞∑

k=0

1

(k + 1)!
adk

i
̂(∂s
̂), (A4)

which enforces proper operator ordering. Rearranging terms
in (A1) and assuming invertability of the dexpi
̂ operator, we
have

∂s
̂ = X̂

eX̂ − I
(eX̂ ĤI − ĤI,eff ), X̂ ≡ adi
̂, (A5)

where the inverse dexpi
̂ operator is formally given by

dexp−1
i
̂

= X̂

eX̂ − I

.=
∞∑

k=0

Bk

k!
adk

i
̂( · ), (A6)

where Bk are the Bernoulli numbers. Recognizing that
X̂ eX̂ /(eX̂ − I ) = −X̂/(e−X̂ − I ) and ±X̂ ≡ ad±i
̂, Eq. (A5) is
expressed more conveniently as

∂s
̂ = ĤME − Ĥreg

=
∑
k�0

Bk

k!
ad(k)

i
̂
((−1)k ĤI − ĤI,eff ), (A7)

where ĤME = dexp−1
−i
̂

(ĤI ) is the generator of the standard

Magnus expansion and Ĥreg = dexp−1
i
̂

(ĤI,eff ) is a degree of
freedom to be leveraged [10,33]. While the expression is
exact, in practice it can only be solved asymptotically in a
Magnus-type expansion where ĤI,eff = 0 yields the standard
Magnus expansion [10,11]. Finally, we draw attention to a
subtle point inferred from (A7) and the adjoint action in
(A2): for ĤI ∈ g, we must have 
̂, ĤI,eff ∈ g ensuring that
exp(±i
̂) ∈ G where G is the group of symmetry-preserving
transformations as required. Hence, (A7) preserves the Lie
group structure to all finite orders of approximation.

APPENDIX B: NONUNIQUENESS OF FLOQUET
SOLUTION IN FAR-DETUNED RABI PROBLEM

By closing the summation of the asymptotic series with
our dynamical phase ansatz, we find in the highly-detuned
limit that quantum averaging theory provides an explicit so-
lution to the interaction picture Rabi Hamiltonian that obeys
Floquet theorem. Perhaps a more familiar solution method
follows Rabi’s original proposal to use a ẑ-rotation prop-
agator Ûr (t ) = exp (i 
 σ̂z t/2) to transform ĤI (t, λ) into a
constant Hamiltonian Ĥr = 


2 σz + �
2 σx, which is then solved

by matrix exponentiation. This approach may be related back
to the QAT interaction propagator up to a constant gauge
transformation, demonstrating the nonuniqueness property of
Floquet’s theorem. More explicitly, in real time t = s/ωeg with
frequency ω ≡ �ω ωeg, we have the relation

ÛI (t, t0 = 0) = Ûr (t )e−i (
 σ̂z+� σ̂x )t/2

= Ûr (t )R̂(θ/2)e−i �̃σ̂zt/2 R̂†(θ/2)

= Ûfast (t )Ûeff (t )R̂†(θ/2), (B1)

where

Ûfast (t ) ≡ Ûr (t )R̂(θ/2)Û †
r (t ),

Ûeff (t ) ≡ Ûr (t ) exp(−i �̃σ̂zt/2), (B2)

with the rotation matrix

R̂(θ/2) =
(

cos (θ/2) − sin (θ/2)
sin (θ/2) cos (θ/2)

)
(B3)

and the generalized Rabi frequency �̃ = √

2 + �2.
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APPENDIX C: APPROXIMATE DYNAMICS FOR THE
TIME-DEPENDENT EFFECTIVE EQUATION

Suppose no explicit solution exists for the truncated
effective interaction picture equation and an analytic ap-
proximation is desired. From the two-timescale derivative
expansion, we find that the effective interaction picture equa-
tion truncated at some finite order N � 1 can be equivalently
expressed as

iλ ∂τÛ [N]
eff (τ, λ) = Ĥ [N]

I,eff (τ, λ) Û [N]
eff (τ, λ), (C1)

where we have identified ∂s → λ∂τ . The τ -dependent form
demonstrates that even systems with a single timescale as
studied in Sec. III invariably exhibit two timescale dynamics.
Expanding ĤI,eff (τ, λ) in powers of λ reveals the slow τ -time
perturbation problem

i∂τÛ [N]
eff =

(
Ĥ (1)

I,eff +
N−1∑
n=1

λnĤ (n+1)
I,eff

)
Û [N]

eff , (C2)

where the explicit τ -time dependence is omitted. The form
strongly suggests that the adiabatic dynamics are predom-
inately governed by the first-order approximation Ĥ (1)

I,eff (τ )
resulting from the rotating-wave approximation.

If the time evolution of the first-order approximation is ex-
plicitly solvable, then the effective equation can be expressed
in an interaction picture with respect to Ĥ (1)

I,eff (τ ) such that the
slow-time perturbation problem is compatible with exponen-
tial perturbation theory, allowing further analytic treatment.
Under these assumptions, let the first-order approximation
define the “unperturbed” system, i.e.,

i∂τÛ ′
eff,0(τ ) = Ĥ (1)

I,eff (τ )Û ′
eff,0(τ ), (C3)

where Û ′
eff,0(τ ) is explicitly solvable. Inserting the unitary

transformation Û [N]
eff (τ, λ) = Û ′

eff,0(τ )Û ′[N−1]
eff (τ, λ) into (C2)

yields the new slow-time interaction picture

i∂τÛ ′ [N−1]
eff (τ, λ) =

N−1∑
n=1

λnĤ ′ (n+1)
I,eff (τ )Û ′ [N−1]

I,eff (τ, λ), (C4)

where

Ĥ ′ (n)
I,eff (τ ) = Û ′ †

eff,0(τ )Ĥ (n)
I,eff (τ )Û ′

eff,0(τ ). (C5)

The new truncation order reflects that (C4) need only be
analyzed with exponential perturbation theory up to O(λN−1)
such that

Û [N]
eff (τ, λ) = Û ′

eff,0(τ )Û ′ [N−1]
eff (τ, λ) + O(λN ) (C6)

as desired. Inserting into (27) completes the process.

APPENDIX D: MULTITIMESCALE DERIVATIVE
EXPANSION PROCEDURE

As in the two-timescale QAT approach, using the chain-
rule we introduce the multitimescale derivative expansion

d

ds
.=
(

∂

∂σ

)
τ

+
M∑

j=1

λ j

(
∂

∂τ j

)
σ,τ\{τ j}

(D1)

with M + 1 independent timescale variables. As before, inte-
gration over a specified timescale requires holding all others
constant. To accommodate multiple timescales, we proceed as
in Sec. IV A and replace the time derivative in (19) to yield the
multitimescale homological equation

∂σ 
̂(n)(σ, τ ) = Ĥ
(n)

 (σ, τ) − Ĥ (n)

I,eff (τ)

−
min(M,n)∑

j=1

∂τ j 
̂
(n− j)(σ, τ) (D2)

with Ĥ
(n)

̂ defined in (20). The solution to the homological

equation is regularized by the familiar conditions

〈〈
̂(n)(σ, τ )〉〉σ = 0, (D3a)

Ĥ (n)
I,eff (τ) = 〈〈Ĥ(n)


̂ (σ, τ )
〉〉

σ
(D3b)

with the time-averaging procedure for multiple scales

〈〈Â〉〉σ (τ)
.= lim

T →∞
1

T

∫ T

0
Â(σ, τ ) dσ, (D4)

which only averages over the σ -time effects. The σ -averaged
effective system now depends on τ-times and is given by

i
d

ds
Ûeff (τ, λ) = ĤI,eff (τ, λ)Ûeff (τ, λ), (D5)

where d/ds is the multitimescale derivative in (D1). Rewriting
(14) as a τ-time perturbation problem, we have

i

(
1

λ

d

ds

)
Ûeff (τ, λ)

=
(

Ĥ (1)
I,eff (τ) +

∞∑
n=2

λn−1Ĥ (n)
I,eff (τ)

)
Ûeff (τ, λ), (D6)

where the rescaled time derivative λ−1d/ds should be inter-
preted as ∂τ1 +∑M

j=2 λ j−1∂τ j [dropping ∂σ since ÛI (τ, λ) does
not depend on σ ].
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