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We present a quantum averaging theory (QAT) for analytically modeling unitary gate dynamics in driven
quantum systems beyond the rotating wave approximation. QAT addresses the simultaneous presence of distinct
timescales by generating a rotating frame with a dynamical phase operator that toggles with the high-frequency
dynamics and yields an effective Hamiltonian for the slow degree of freedom. By accounting for the fast-varying
effects, we demonstrate that high-fidelity two-qubit gates in strongly driven systems are achievable by going
beyond the validity of first-order approximations. The QAT results rapidly converge with numerical calculations
of a fast-entangling Mølmer-Sørensen trapped-ion-qubit gate in the strong-coupling regime, illustrating QAT’s
ability to simultaneously provide both an intuitive, effective Hamiltonian model and high accuracy.

DOI: 10.1103/nlvz-zrq5

Quantum logic gates, the fundamental operations of quan-
tum computation, perform operations on qubits akin to
Boolean logic gates on classical bits [1]. However, physical
realizations involve driving quantum systems over extended
times where accurately modeling the unitary dynamics
presents significant analytic and numerical challenges due to
the presence of multiple timescales.

For example, hardware-level interactions used to effect a
basic X or Y gate can frequently be mapped onto a two-level
system resonantly interacting with an ac electromagnetic field
[2]. Under the rotating wave approximation (RWA) [3], the ac
field effectively induces coherent population inversion, which
is essential for executing basic quantum logic gates. Without
the RWA this seemingly simple example lacks an exact solu-
tion due to the presence of distinct timescales: the slow Rabi
oscillations overlaid with fast beat note dynamics, leading
to small gate errors. These errors are further compounded
in systems with multiple near- and off-resonant interactions
such as stimulated Raman transitions [4], multilevel qudit
configurations [5,6], and qubit coupling via bosonic modes
in trapped-ion or circuit QED architectures [7–9]. Achieving
fault tolerance will likely require a level of precision where
off-resonant effects cannot be overlooked.

Several advanced techniques exist to isolate the slowly
varying dynamics, including high-frequency averaging
[10–18], Fer-type successive frame changing [19–22],
transitionless quantum driving [23,24], and projection-based
methods [25–30]. Building on prior quantum averaging
methods [31–35], Quantum Averaging Theory (QAT)
provides a unified, unitary framework that systematically
separates fast and slow degrees of freedom across multiple
timescales with minimal assumptions about system structure.
This separation is achieved through partial averaging, which
acts as a low-pass filter, generating a rotating frame that

isolates the slowly varying interactions in an effective
Hamiltonian.

Unlike Floquet-based expansions [13,14,17,18,36–38] re-
quiring periodic, far-detuned drives or multimode methods
[29,30,39] such as the widely used effective Hamilto-
nian theory (EHT) [11] with predefined resonance con-
ditions, QAT employs an inductive, order-by-order proce-
dure to isolate near-resonant contributions while retaining
off-resonant effects, typically discarded in the RWA, for
improved analytic accuracy. This provides a generalizable,
algorithmic strategy that remains effective for quasiperi-
odic, noncommensurate, and rapidly modulated systems,
beyond the RWA limit where other approaches break down.
Here “beyond RWA” refers not only to counter-rotating
terms but more generally to off-resonant contributions that
are typically neglected under RWA assumptions. More-
over, the approach is valid on infinite-dimensional Hilbert
spaces [34], particularly important for architectures us-
ing Fock space operators as qubits [40–43] or a quantum
bus [7,9,44,45].

In this Letter we apply the QAT framework to en-
able high-fidelity quantum gates beyond the RWA limit in
systems driven across multiple timescales. This architecture-
independent approach provides accurate fidelity estimation
and informs strategies for error suppression for a variety of
gate schemes as demonstrated on the Mølmer–Sørensen gate
[7]. As shown through comparisons with full numerical sim-
ulations, QAT converges rapidly, even in regimes where pre-
vious methods typically struggle or fail. For full derivations
and generalizations, we refer the reader to the companion
paper [46].

The QAT framework. In a suitable interaction picture, we
assume a bounded interaction Hamiltonian depending on a
small parameter 0 � λ < 1 [2], ĤI (s; λ) = ∑∞

n=1 λnĤ (n)
I (s).
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We further assume ĤI (s; λ) is sufficiently well behaved to
admit an almost-periodic Fourier series expansion,

Ĥ (n)
I (s) = Ĥ (n)

I,0 +
N (n)∑
k=1

(
eis�(n)

ωk ĥ(n)
I,k + H.c.

)
, (1)

with N (n) total (dimensionless) base frequencies �(n)
ωk

.=
ω

(n)
k /ω0, scaled by the characteristic frequency of the un-

perturbed system, ω0 ∼ ‖Ĥ0‖/h̄ [47]. This structure allows
ĤI (s; λ) to characterize interactions on multiple timescales
(i.e., almost periodic) where Floquet-based techniques typ-
ically fail. Slow dynamics arise when a base frequency
or beat frequency, arising from higher-order interactions,
approaches resonance. The (near-)resonant interactions domi-
nate the long-time behavior, making them a natural candidate
for inclusion in an effective Hamiltonian description.

In the QAT framework, the interaction propagator is as-
sumed to be separable into the QAT-factorized form,

ÛI (s; λ) = Ûfast (s; λ) Ûeff (τ ; λ)
∣∣
τ=λs , (2)

where the fast propagator Ûfast (s; λ) characterizes the fast-
varying modulations on the slowly varying envelope of the
effective propagator Ûeff (τ ; λ). To achieve this dynamical
separation of timescales, the aim is to construct an effective
Hamiltonian ĤI,eff (τ ; λ) = ∑∞

n=1 λn Ĥ (n)
I,eff (τ ) parameterized

by a lagging “time” variable τ
.= λs, characterizing the long-

time s � O(1/λ) interactions free from fast-varying effects.
The effective Hamiltonian will govern an “effective” interac-
tion picture equation,

iλ ∂τÛeff (τ ; λ) = ĤI,eff (τ ; λ) Ûeff (τ ; λ), (3)

yielding only the slow time (τ ) dynamics of ĤI (s; λ). Mean-
while, Ûfast (s; λ) captures the influence that rapidly varying
s � O(1) interactions typically dropped under RWA assump-
tions have on the long-time dynamics.

To perturbatively generate the effective Hamiltonian, we
proceed with an asymptotic expansion. As in prior Magnus-
based methods [13,17,29,30], we use an exponential Lie
transformation,

Ûfast (s; λ) = e−i�̂(s;λ), �̂(s; λ) =
∞∑

n=1

λn �̂(n)(s), (4)

depending on a dynamical phase operator �̂(s; λ) [48]. An
immediate advantage over a time-ordered Dyson series is
preservation of unitarity (enforcing the preservation of Her-
miticity) upon truncation and providing a simple inverse
property (ei�̂)−1 = e−i�̂ [49].

Transforming ĤI (s; λ) with respect to Eqs. (2) and (4)
yields a Magnus homological equation of the form

∂s�̂
(n) = Ĥ(n)

� (s) − Ĥ (n)
I,eff (τ ) , (5)

where the auxiliary Hamiltonian operator is defined as

Ĥ(n)
� = Ĥ (n)

I +
n−1∑
k=1

Bk

k!

(
(−)k Ŝ(n)

k − T̂ (n)
k

)
, (6)

where Bk are Bernoulli numbers. The operators Ŝ(n)
k and T̂ (n)

k
are generated by the recurrence relations

Ŝ(n)
0 = Ĥ (n)

I , T̂ (n)
0 = Ĥ (n)

I,eff , (7a)

Â(n)
k =

n−k∑
m=1

[
i�̂(m), Â(n−m)

k−1

]
, 1 � k � n − 1, (7b)

where Â is to be replaced by Ŝ or T̂ and the adjoint action
adX̂ (Ŷ ) = [X̂ , Ŷ ] and ad(k)

X̂
(Ŷ ) = [X̂ , ad(k−1)

X̂
(Ŷ )] for integer

k � 2. The first three orders are provided for the reader’s
convenience with explicit time dependence omitted:

Ĥ(1)
� = Ĥ (1)

I

Ĥ(2)
� = Ĥ (2)

I + 1
2

[
i�̂(1), Ĥ (1)

I + Ĥ (1)
I,eff

]
Ĥ(3)

� = Ĥ (3)
I + 1

2

([
i�̂(2), Ĥ (1)

I + Ĥ (1)
I,eff

]
+ [

i�̂(1), Ĥ (2)
I + Ĥ (2)

I,eff

])
− 1

12

([
i�̂(1),

[
i�̂(1), Ĥ (1)

I,eff − Ĥ (1)
I

]])
. (8)

Once Eq. (5) is solved, the integration constant can be ignored
to remove any s0 dependence, ensuring a manifestly gauge-
invariant expansion [17,46].

We employ a partitioned expansion by timescale separa-
tion (PETS) approach, in which, at each order, Ĥ(n)

� (s), is
separated into a fast-varying Ĥ(n)

�,>(s), slow-varying Ĥ(n)
�,<(s=

τ/λ), and constant Ĥ(n)
�,0 contribution for a high-frequency

cutoff λcutoff = λ [50]. For a gauge-invariant and asymptoti-
cally valid QAT expansion, we require Eq. (5) be regularized
by demanding that

�̂(n)(s) = 0 ⇔ �̂(n)(s) =
∫ s

ds′ Ĥ(n)
�,>(s′) , (9a)

Ĥ (n)
I,eff (τ ) = Ĥ(n)

� (s) = Ĥ(n)
�,0 + Ĥ(n)

�,<(s=τ/λ) , (9b)

where we use the “partial” time averaging procedure

Â(s) = Â0 + Â<(s) ∼=
∫ ∞

−∞
ds′ Â(s′) f (s − s′), (10)

which removes fast-varying effects by effectively applying
the RWA, i.e., an idealized low-pass filter f (s) with a cutoff
frequency λ. The regularizing conditions ensure �̂(s; λ) re-
produces the fast-varying dynamics and ĤI,eff (τ ; λ) describes
the slow-varying interaction from ĤI (s; λ). While the PETS
approach shares qualities with EHT [11], the QAT formalism
does not suffer from nonunitary and non-Hermitian artifacts,
is valid to desired order of approximation, and retains the
effects of off-resonant contributions required for accurate
modeling.

Repeating the process to arbitrary N th-order, ÛI (s; λ) is
approximated by the truncated QAT solution

Û [N]
I (s; λ) = Û [N−1]

fast (s; λ)Û [N]
eff (τ ; λ)

∣∣
τ=λs (11)

for the time evolution of the interaction picture state
|ψ [N]

I (s; λ)〉 = Û [N]
I (s; λ)Û †[N]

I (s0; λ) |ψ (s0)〉, where
Û [N−1]

fast (s; λ) = exp(−i�̂[N−1](s; λ)), and Û [N]
eff (τ ; λ) is the

L030403-2



QUANTUM GATE DYNAMICS BEYOND THE ROTATING … PHYSICAL REVIEW A 113, L030403 (2026)

FIG. 1. Level diagram: Two ion qubits coupled to a single
phonon mode, symmetrically driven near the first motional sidebands
by blue- (+	) and red- (−	) detuned drives.

exact or perturbative (up to O(λN )) solution to Ĥ [N]
eff (τ ; λ).

Error bounds are discussed in [46].
Example: Fast-entangling Mølmer-Sørensen quantum gate.

We apply the QAT framework to generate a high-fidelity
quantum logic gate in a trapped-ion architecture consisting of
ion qubits with atomic resonance frequency ωeg allowed to
oscillate along a single direction with one motional mode at
secular frequency ν.

Consider a traveling standing-wave arrangement [52–54]
of the fast-entangling operation proposed by Mølmer and
Sørensen [7] using counterpropagating, global laser fields
(l = B, R) with a relative π phase offset:

V̂l (t ) = �

2
(−1)δl,R

(
Ĵ+eiηl (â†+â) e−i(ωl t−φl ) + H.c.

)
, (12)

where Ĵ± = ∑
i σ̂

(i)
± are the total qubit raising and lowering

operators; ηB/R = ±η is the Lamb-Dicke parameter; â (â†)
is the phonon annihilation (creation) operator; and ωB/R =
ωeg ± 	 are equally blue- (+) and red-detuned (−) from the
qubit resonance as seen in Fig. 1 [55].

We focus on the strong-coupling regime η�/ν ∼ 0.1,
where terms typically neglected in the RWA and first-order
Lamb-Dicke approximation become significant. Using QAT,
we simultaneously track both (near-)resonant and off-resonant
interactions and incorporate their corrections into the QAT ap-
proximation. We define s = νt , λ = η, and �ω

.= ω/ν (�ν =
1) such that in the interaction picture of the ions and the
motional mode [56],

ĤI (s) = �′
�eη2/2Ĵφ,y( f (s)D̂(α(s)) + H.c.), (13)

with f (s) = ieiφ−e−i�	s, �′
� = e−η2/2��, D̂(α) = eαâ†−α∗â,

α(s) = iηeis�ν , φ± = (φB ± φR)/2, and Ĵφ,y = sin(φ+)Ĵx +
cos(φ+)Ĵy for total Pauli spin operators Ĵk = 1

2

∑
i σ

(i)
k . Ex-

panding in powers of λ = η,

Ĥ (n)
I = in�′

�Ĵφ,yD̂(n)

(
α(s)

λ

){
Re[ f (s)], n even
iIm[ f (s)], n odd,

(14)

where D̂(n)(α) is the nth-order Taylor polynomial of the
normal-ordered displacement operator as described in the
Supplemental Material [57]. In the Lamb-Dicke regime we
recover the familiar first motional sidebands (n = 1) with
outside regime effects appearing for n � 2. A valid per-
turbative treatment requires transforming into an interaction
picture with respect to the n = 0 carrier term. Since the carrier

FIG. 2. Effective Hamiltonian dynamics for population in the
Bell state |ϕ+〉 = (|ee〉 + |gg〉)/

√
2 of two ions under a strongly

coupled Mølmer-Sørensen gate in the carrier interaction picture
are compared with numerical integration (dark gray), where |ϕ[N]

eff 〉
captures N th-order dynamics [Eq. (11)]. The system is initialized
in |gg〉 with a motional coherent state |α = i

√
5〉 (n̄ = 5). Strong

off-resonant and motionally sensitive interactions shift the optimal
entanglement time, and neglecting the carrier further reduces gate fi-
delity. Nonetheless, the effective dynamics closely track the envelope
of the numerical solution, with deviations highlighted by shading.
Parameters: η = 0.1, � = ν, φ+ = π/4, φ− = 0, and δ ≈ 0.383ν.

commutes with ĤI (s) at all times, it does not affect higher-
order dynamics; we therefore neglect it in the following and
consider its effect separately.

In the fast-entanglement protocol [7], 	 is tuned near
the first motional sideband with a small detuning �δ = ν −
�	 = λ�ε � λ. Defining G(τ ) = ei�ετ eiφ− , from Eqs. (9)
and (14), the first-order QAT results yield

∂s�̂
[1](s) = −η�′

�Ĵφ,y(a†G∗(s)e2i�νs+ H.c.), (15a)

Ĥ [1]
I,eff (τ ) = −η�′

�Ĵφ,y(â†G(τ ) + H.c.), (15b)

where the latter admits the well-known solution [7]

Û [1]
eff (τ, τ0 = 0; λ) = D̂(Ĵφ,yαms(τ ))eiϑ (τ )Ĵ2

φ,y , (16)

with displacement αms(τ ) = i�′
�{G}τ and geometric phase

ϑ (τ ) = Im[{α∗
ms∂ταms}τ ] = �′2

�Im[{{G∗}τ G}τ ], where we de-
fine { f }s ≡ ∫ s

0 ds′ f (s′). The maximally entangled Bell state
|ϕ+〉 = (|ee〉 + |gg〉)/

√
2 (up to a global phase) is ideally

generated at the gate time sg if ÛI (sg) = exp(i π
2 Ĵ2

φ,y) with
φ+ = π/4. To lowest-order accuracy, a coherent gate is
achieved when ϑ (τg=λsg) = π/2, aligned with round trips
in xp-phase space where αms(τg) = 0, largely decoupling the
vibrational motion from the internal states [7]. However,
in strong driving regimes, the first-order QAT interaction
propagator, Û [1]

I (s; λ) = Û [1]
eff (τ ; λ)|τ=λs, as shown in Fig. 2,

underestimates the significant effects of off-resonant terms
and out-of-Lamb–Dicke processes, providing an insufficient
approximation of the gate operation.

To more accurately describe the gate dynamics, correc-
tions to the effective Hamiltonian arising from off-resonant
processes, particularly the counter-rotating anti-Jaynes–
Cummings terms, must be included. QAT systematically
accounts for all such contributions to any desired order; a
complete listing of results up to fourth order is provided in
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FIG. 3. Full QAT dynamics for population in the Bell state |ϕ+〉 = (|ee〉 + |gg〉)/
√

2 of two ions under a strongly coupled Mølmer-
Sørensen gate in the carrier interaction picture as compared to numerical integration (black). The dynamics, including the off-resonant
carrier, is shown for reference (light gray). The system is initialized in |gg〉 with a motional coherent state |α = i

√
5〉 (n̄ = 5). Left: Includes

off-resonant interactions neglected in the effective Hamiltonian description of Fig. 2. Right: By adding pulse shaping, a power-of-sine window
suppresses off-resonant effects, while a second-sideband tone decouples from leading-order thermal effects; parameters: �2/�1 ≈ 0.7885,
δ1/3 = δ2 ≈ 0.107ν, ω = δ2/3, sg = 2π/�ω. Bottom: The rapid convergence of the QAT approximation to the numerical result via instanta-
neous process fidelity, i.e., the average fidelity between numerical and approximate dynamics over a Pauli eigenstate 2-design [1,51].

the Supplemental Material [57]. For example, the full second-
order QAT result yields

λ�̂(1)(s) = 1
2 Ĵφ,y(iαcr (s)a† + H.c.), (17a)

λ2Ĥ (2)
I,eff (s) = Ĵ2

φ,yIm[α∗
cr (s)∂sαcr (s)], (17b)

where

αcr (s) = iη
∫ s

ds′�′
�G∗(s′)e2i�νs′

, (18)

introducing a small correction to the geometric phase from
the self-interaction of the counter-rotating terms. This result
provides analytic insight into the pulse profiles required to
suppress the leading-order off-resonant interactions at the gate
time. For example, applying a smooth window function that
terminates at the gate time effectively decouples the sys-
tem from both the carrier and the first-order counter-rotating
terms.

We also consider subleading fidelity losses due to
corrections in the effective Hamiltonian beyond the first-
order Lamb-Dicke regime, where the gate becomes sen-
sitive to these effects [7,22]. Focusing first on the
dominant contributions and neglecting off-resonant ef-
fects and multiphoton corrections, the effective dynam-
ics are governed predominately by single-photon pro-

cesses, ĤI,eff (τ ) ≈ ĤI (τ ; λ) = ��Ĵφ,y(iD̂1(η)G(τ ) + H.c.),

where D̂1(η) = e−η2/2 ∑
k�0

(iη)2k+1

(k+1)!k! â
†â†k âk , exciting the first

motional sidebands via net phonon absorption or emission.
Single-photon effects are already suppressed to all orders
under the same condition requiring αms(τg) = 0.

At higher orders (n > 1), (near-)resonant n-photon pro-
cesses of the form ηk+ j�′ n

� Ĵn
φ,yâ†kâ j give rise to para-

sitic spin-spin and spin-motion coupling. For example, the

leading effective contribution from two-photon processes to
all orders is determined by ϑ (τ )(eη2

/η2)Ĵ2
φ,y[D̂1(η), D̂†

1 (η)] =
−ϑ (τ )Ĵ2

φ,y(1 + 2η2â†â + O(η4)), where ϑ (τ ) is the first-
order geometric phase in Eq. (16). With respect to slow
(τ -time) dynamics, the phonon-number-dependent contribu-
tion is second order in η such that the gate is largely sensitive
to the initial motional state. Since the time dependence ap-
pears only in the global prefactor, these contributions cannot
be suppressed by applying a smooth, continuous pulse on the
first sideband alone. Suppression of higher-order processes
requires, for example, additional beam tones addressing
higher-order sidebands, providing further control over mo-
tional couplings [22].

Building on the insights from the QAT analysis, we
pulse shape the coupling � and add additional frequency
tones to suppress parasitic effects. In Fig. 3 (right), we
adopt an experimentally accessible smooth window ��(s) =
�� sin4(�ωs/2) with a slow frequency �ω = λ�ξ ∼ O(λ).
This simple choice ensures that the first three orders of
the dynamical phase vanish at the gate time sg = 2π/�ω,
corresponding to a single period of ��(s). To suppress
leading-order out-of-Lamb–Dicke effects, we add a sec-
ond frequency tone of the same form as in Eq. (13) with
coupling �2 and 	2 = 2ν + δ2 tuned near the second mo-
tional sideband. For this pulse shape, we analytically find
that δ1 = 3 δ, δ2 = δ, δ = 3ω, and �2/�1 ≈ 0.7885 consti-
tute a sufficient set to avoid undesirable resonances with
the window frequency and guarantee decoupling to third
order [58]. The fourth-order QAT propagator, Û [4]

I (s; λ) =
exp(−i�̂[3](s; λ)) Û [4]

eff (τ ; λ)|τ=λs, agrees closely with numer-
ical integration in the strong-coupling regime, achieving
an average process fidelity Favg � 1 − 10−5 over the gate
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time, consistent with the approximation’s O(λ4) error bound.
The inclusion of a smooth window strongly suppresses off-
resonant terms such that Ûfast (sg; λ) = eO(η5 ) ≈ 1. Despite
strong coupling and an initial motional state with n̄ = 5,
for the given parameters we estimate an entangling gate fi-
delity of Favg = 0.9998(5). This performance is comparable
to state-of-the-art weak-field demonstrations [59–61]. No-
tably, shaping the pulse with a smooth envelope contributes
up to a 10% improvement in the average gate fidelity relative
to an unshaped pulse.

In summary, we presented a unitarity-preserving, mul-
titimescale QAT framework for analytically studying gate
performance from slow- and fast-varying interactions. No-
tably, our approach distinguishes itself by retaining and
accounting for the details of the off-resonant, out-of-RWA
dynamics to arbitrary order of precision. We demonstrated
the robust characterization of gate dynamics and fidelity under
strong spin-motion coupling for the fast-entangling Mølmer-
Sørensen gate. For this example and others, the advantage
of a scalable, analytic, and unitary framework is twofold:
it provides physical insight by isolating the desired gate
interaction while revealing unwanted couplings, and it re-
duces the computational cost of simulating large systems,
such as infinite-dimensional bosonic modes that are prone to
truncation errors. By retaining off-resonant processes, QAT
offers a transparent way to assess coherent leakage channels

and parameter sensitivity, supporting gate robustness analysis
beyond the reach of standard RWA treatments. The frame-
work is also naturally compatible with numerical optimal
control methods [62–66], providing reduced effective models
that can serve as analytic starting points or efficient seeds
for computationally intensive pulse optimization in systems
with strong, off-resonant effects. By separating fast and slow
timescales, QAT enables improved identification of coherent
error sources and efficient simulation, thereby informing en-
hanced error suppression strategies for high-fidelity quantum
computation.
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